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BY
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I. Introduction

1. Let p ^ 3 be a prime, and let a = {ai, a2, • • • , ar}, where 1 á«¿

ú(p —1)/2, be a set of r distinct integers. We are concerned with the problem

of determining pa(n), the number of partitions of a positive integer « into

summands congruent to +a, (mod p). Using the circle dissection method of

Hardy [2](2) and Rademacher [7; 8], Lehner [3] succeeded in obtaining a

convergent series for pain) in the special case where p = 5 and r = 1. This result

was generalized by Livingood [4] who found convergent series for pa(n) for

any prime p>3 and r = \. Both Lehner and Livingood also obtained asymp-

totic formulas for pa(n). Petersson [5; 6] has recently obtained many results

concerning pa(n) and other much more general partition functions. His

method differs radically from those of the above mentioned authors and makes

use of algebraic and group theoretic properties of the generating functions

rather than analytic processes. Grosswald [l ] has considered a generalization

of the present problem where the set a is replaced by a set of m distinct least

positive residues modulo p, and pa(n) is taken as the number of partitions of

« into summands congruent modulo p to elements of this set. The present

problem is the special case which Grosswald designates as symmetrical. Due

to the asymmetry in the general case, only asymptotic formulas are obtained.

The method employed is a variation of the circle dissection process.

In the present paper the procedure of Rademacher and Lehner is utilized

and a convergent series for pain) is obtained. The effect of adjoining the ele-

ment p to the set a, so that summands congruent to 0 (mod p) are admissible,

is then studied, and Rademacher's formula for p(n), the number of unre-

stricted partitions of «, is later derived as a direct consequence. Asymptotic

formulas are also developed and some special cases considered. While many

of the results obtained are not new, it is felt that the present investigation

is not without value. Theorems first proven by the function-theoretic method

of Petersson have been shown to be obtainable by the simpler and more gen-

Presented to the Society, September 2, 1960; received by the editors July 11, 1960.
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sylvania in June, 1959 in partial fulfillment of the requirements for the degree of Doctor of

Philosophy. The author wishes to express his gratitude to Professor Emil Grosswald not only

for suggesting the problem but also for giving most generously of his time during its solution.
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eral circle integration method. We have here a clear indication that partition

functions of great generality can be studied by using relatively simple ana-

lytic procedures.

II. The Transformation Equations

2. We consider the generating function

r      /    oo oo \

(2.1)      f a(x) = n ( n (i - &-***)-1 n (i - x^o-1)

oo

= 1 + E pa(n)x»
n-1

which is convergent in the interior of the unit circle. In what follows it will

be necessary to determine the behavior of Fa(x) in the neighborhood of a

rational point on a circle concentric to the unit circle and of radius less than 1.

Therefore, we take

(2.2) x = exp{2irih/k - 2irz/k}

where

(R(z) > 0,        (*,*)- 1, OgK k.

Our first objective is to derive a transformation equation for Fa(x). Two

cases must be considered. If p\k then we study the transformation x—>x',

where

(2.3) x' = exp{2irih'/k - 2trz-y/k)

and h' is a fixed solution of

(2.4) hh' -- - 1 (mod*).

If p\k we study the transformation x—*x", where

(2.5) x" = exp{2«'/7'/¿ - 2icz-1/K]

and

(2.6) HH' m - 1 (mod k),       K = pk,       H = ph.

Now, Fa(x) is regular and different from 0 in the unit circle. Therefore,

log Fa(x) is single-valued in the same region if we select the branch given by

log Fa(0) = 0 and we may define

(2.7)

r     /    oo oo \

Ga(x) = log Fa(x) = - E ( £ l°g (1 - x""+°0 + £ log (1 - *»—• <) )

r     /    oo       oo     r(pm-\~ai)n oo       oo    r(pm—ai)n\

= E  El--+ ZZ--)•
¿=1 \ n-l m-0 « n-1 nt-1 »        /
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3. We first consider the case p\ k. For i = 1, 2, • • • , r set

^w ± ai = qk -\- pi,       0 < pi < k,       m = ± a,- (mod />),

(3.1) « = /* + c,        v = 1, 2, - ■ ■ , k,

q, t « 0, 1, 2, • • •

in (2.7). We then have

r ft

Go(x) = ZZZ exp{27TîÂMi»'/*}

(3 2) <_1  "'' '_1
•£(** + y)"1 exp{ -2tz($¿ + /i.)(J* + i»)/*}.(»)

t.t

Applying Mellin's formula we obtain

1       r

Ga(x) =-22 X) exp{2a-¿AMtV*}

(3.3) ***

f     7r^J-(W*)f(*+W*)*
J (3/21   (2tZ/J)*

where f(5, w) is the Hurwitz zeta function and (a) indicates an integration

from a — i<*> to a+î'co. Using the transformation equation for <7(i, u>) and

the identity r(s)r(l— s) =7r/sin its we have finally

1      ' 2rhnr 2w\ßi r      f (1 - s, \/k)t(l + s, v/k)ds
-¿_! ¿_,  cos-cos- I        -
4wik2 ¡_i M,r,x ¿ ¿    .7 (3/2) z* eos (tí/2)

1     ^ ^ 2irhmi>   ,    2tXîz< T      f (1 - s, X/*)f (1 + î, v/k)ds'    _     .    2irhmv    #     2tA/i,-  /*
2^ ¿^   stn —-— sin —— I
t=i «.-.».x R k     J 11Airk2 î_i w,,.x é é    ■/ (3/2) z* sin (tí/2)

where X=l, 2, • • • , k.

We now introduce the summation letters Pf for t=l, 2, • • • , t by requir-

ing that

(3.5) ßi = h'fli (mod k), 0 < fi{ < k

where h' is given by (2.4). Multiplying this congruence by h

(3.6) pi = — hm (mod k).

Since />| k and since ¿t,= +a< (mod p) we have

(3.7) ¡ii = + hoi = + bi (mod p)

where

(3.8) 5,- « hat (mod ¿>)    or   6< = — Aa,- (mod />),

(3) i=( —l)1" except when used as a subscript.
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whichever yields 0<bi^(p — l)/2.

We now define the set b,

(3.9) b = {bh b2, ■ ■ ■ , br}

noting that b,7-bj if Í9-J since this equality would imply that at= +a¡ (mod p)

since (h, p) = i.

Changing s to —s and p, to p.i in (3.4) yields

1      ' 2tpíu        2rrh'\p.i Ç        t(l+s,\/k)t(l-s,v/k)ds
Ga(x)   = - 2-,   2-1    C0S- C0S -   I -

4irik2 ¿_i j.,„,x ¿ &     *M-3/2) z_> cos (xj/2)

1      ' .    2»#<*   .   2tä'Xm.- f        f(l+5,X/*)f(l-5,^)á5
(3.10) H-2w 2-,  sin-sin- I        -'

4x¿2  ¿=1 ̂ „.x * &     T (_3/2) z * sin (irs/2)

=   f       Ixds +   | T2dj.
•/ (-3/2) J (-3/2)

If the path of integration in (3.10) is changed to (R(s) =3/2 the integrals

remain convergent and we find that the sums in (3.10) then take the same

form as those in (3.4) except that £< has replaced pit h' has replaced h, z~l

has replaced z, and X and v have been interchanged. Since both integrals in

(3.10) converge to zero if the path of integration is taken between 3/2+î'£

and — 3/2-Hi and |/| —»oo, we have, applying Cauchy's Residue Theorem, and

recalling (2.3) and (3.9)

(3.11) Ga(x) = Gb(x') - 2xi(Ri + R-).

Here Ri= £ Res Iu R2= £ Res T2 where -3/2 < <R(s) <3/2.

The procedure involved in calculating Ri and R2 is similar to that employed

by Lehner and Livingood and all details are therefore omitted. We obtain

finally

(3.12) Ä, - —— (At - B/z),
I2pki

where

(3.13) A = E (/ - 6a{p + 6aî)
»=i

and

(3.14) £ = £(/- 6biP + 6¿-);
2

(j
t=l

1
(3.15) Ri =-cra(h,k)
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where

(3.16) <ra(h, k) = ¿ £ ((pi/k)) ((hm/k)).
»=1      ¡Xi

Here,

(3.17) ((*)) = x-[x]-j + ji(x)

where 5(x) = 1 if x is an integer and 0 otherwise.

From (3.11), (3.12), (3.15) and exponentiation we have the transforma-

tion equation for T^x) for the case p \ k.

(3.18) Fa(x) = wa(h, k) exp{— (B/z - Az)\ Fb(x')
(6pk )

where

(3.19) o}a(h, k) = exp{Tta-a(A, k)}.

4. We now turn our attention to the case p\k. As before x is given by

(2.2) while x", K, 77, and 77' are defined by (2.5) and (2.6). Referring back to

(2.7), for i= 1, 2, • • • , r we set

pm ± a,- = qK + p{,       0 < /*,• < A",       /i,- » + a,- (mod />),

(4.1) n = tk + v,       v = 1, 2, ■ • • , k,

q, t = 0,1,2, ■■■ .

Following exactly the same procedure as in §3 we find that

1        '    _^ 2irkßiV 2ir\ßi  r      t(l-s,\/K)C(l+s,v/k)ds
-2-, 2-1 cos-cos- |      -
irikK ,=iMi,,,\ k K    ^(3/2) z* cos (tí/2)

' 2xhßiV         2tXmí  C
Ga(x) =-;-¿_i   2-i  cos-cos-  |

<+WÍkK  i=l ,...,.» k                      K      J(
(4.2)

1        '     _ #     IrrhßiV    ,     2ir\ßi   C
.   ...  2-,  lu sin-— sin —— I

î=i B.-.».x *                 K     J t

2whßiV    .     2tX/i<  f      f(l-í, X/70f(l+í, »>/*)<**
__ -sin- I        -

4t£7T  ,=i w,,,x k K    J (s/2) z' sin (tí/2)

where X = l, 2, • • • , K.

We now define ft? for * = 1, 2, ■ • • , r by

(4.3) /j,- = ¿77'm* (mod ¿), 0 < ß? g ¿.

Since ph = H and since 7777' ■ — 1 (mod fc) we have

(4.4) ft? = — hßi (mod ¿).

Introducing ft? and changing í to — í in (4.2) viel Js
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„/x 1       '    „        TtrßTw        2t\uí r        t(l+s,\/K)t(l-s,v/k)ds
Ga(x) =-¿_ê  2-1 cos-cos- | -

iwikK i«i w>r,X * /ft/ (_s/2) z~' cos (vs/2)

1        ' 2xufi-   .     fa**/ f(l + 5,X/Z)¿-(l-í,,/¿)¿5
(4.5) H-2-í  ¿^ sin-sin- I -

4irkK  ,=i w,,,x k K   J (_3/2) z-" sin (ttj/2)

=   f       Ti¿5+ I T2¿J.
t/ (-3/2) t/ (-3/2)

If we shift the path of integration in (4.5) to <R(s)=3/2 both integrals

remain convergent and we have by Cauchy's Residue Theorem

(4.6) Ga(x) = Ja(x") - 2«CRi + Ä).

Here Ja(x") is the right-hand member of (4.5) with ( — 3/2) replaced by (3/2),

and Rx and R2 denote the residues at the poles with — 3/2 < (R(s) <3/2 for

the integrands Ti and T2 respectively.

Our immediate objective is to verify that the notation Ja(x") is justified.

If we reverse the steps involved in obtaining (4.5) from (2.7) we obtain

Ja(x") = £ £ exp{ 2*i\pi/K}  £
<=i Mi,x t.t-o qK + X

■exp{-2ir(tk + fl*)(qK + \)/Kz}.

By (4.1) /i,- runs through K/p = k values which are =d< (mod p). No two of

these values can be congruent (mod k). For if p,—pí =jp>0 and also Pi—pl

=j'k it would follow, since p\k, that Pi—pí =mpk = mK. But this implies

that pi > K which is impossible. Similarly ju< runs through k values

= — ai (mod p), no two of which are congruent (mod k). We conclude that pi

runs through a complete residue system (mod k) twice. Therefore, there is

for each i= 1, 2, • • • , r an ai such that

(4.8) ctik = ai (mod p), 0 < a,- < ¿.

In conjunction with (4.3) this yields

(4.9) m< - pH'p* ± oak (mod AT)

where the + agrees with ju;= +a< (mod £).

Applying this result in (4.7)

exp{2iriXjit,/Ä'}

(4.10) = exp {2«'(± \cu/p + \H'p*/k)}

= exp{±2Triai(qK + X)/¿} exp{2xi/T'(/¿ + p?)(qK + \)/k}.

By (4.3) and the remarks following (4.7), p* runs through the values

1, 2, ■ • • , k twice in some order. Therefore, setting
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qK + X = m,

(4.11) tk + ix? = n,

Pi = exp(2Tia,//>),       ¡5,- = exp(— 2iricti/p)

in (4.7) and using (4.10) we have

(4.12)

where

(4.13)

i=l\m,n=l M                m,n=\        m        /

= log 77a(x")

Ha(x) = n ( n a - pi*")-1 n (i - p^)A
,=.1 \ n=l n=l                                    /

We remark that since \p,\ —1 we have, by a comparison with H"=i (1 — x")"1,

the generating function of the Euler partition function, the convergence of

this series in the interior of the unit circle. Indeed, the convergence is uniform

in k.

Turning to the calculation of Ri and 7?2 in (4.6) we find that

(4.14) R1 = ^L-—!-- + — ¿lo^sinWi),
ILpki       llpkzi       ¿irl <_i

and

1
(4.15) R2 =-ta(h, k)

where

(4.16) ta(h, k) - ¿ £(WJQ)((W*)).
t'=l     Mi

From (4.6), (4.12), (4.14), (4.15) and exponentiation we obtain the trans-

formation equation for F„(x) for the case p\k. Writing

(4.17) xa(h, k) = exp{iri70(Â, k)}

we combine this result with (3.18) to obtain

Theorem 1. F„(x) satisfies the transformation equation
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Fa(exp{2irih/k - 2xz/k\) = cca(h, k) exp^— (B/z - Az)\
(4.18) (6pk )

•Fh(exp{2TÍh'/k - 2ir/kz\)

if p\k, and the equation

1 r

Fa(exp[2irih/k — 2wz/k}) = —\AK k) H ese irca/p

(4.19) :

■exp\—(r/z - AznHa(exp[2riH'/k - 2x/Kz})
(6pk )

ifp\k.

III. Estimates of Two Exponential Sums

5. In the sequel it will be necessary to have some information concerning

the magnitude of certain exponential sums involving tca(h, k) and Xa(h, k) and

taken over a reduced system of residues modulo k. The trivial estimate 0(k)

will not suffice for our purposes so that we must now undertake a study of

these sums. Our procedure will be to reduce them to Kloosterman sums. The

method used is essentially that of Lehner, and therefore most of the details

will be omitted. Considering first the case p\ k we find that

6pko-a(h, k) = £(2A{2¿2 + 3k(2a¡ - p) + Ai}
•-i \

- 3k{k -2p + 2a, + 2c,} - I2p £ ^-[W*])-
M¡ /

(5.1)

Here, Mi (t=l, 2, ■ • • , r) is the set consisting of those ju< such that

Pi= -\-ai (mod p) and Ai = p2 — 6a<£+6a2. c< is defined by

c =   (    h ii{hai,p} ^(p-l)/2,

\p-bi       if {kOi,p} >(p- l)/2,

where {s, t}=s (modi), 0<{s, t} gi.

From (5.1) we see that 6pkcra(h, k) is always an integer. We shall deter-

mine some congruences satisfied by it. Assume temporarily that p>3. Then

it follows that

(5.3) 6pkoa(h, k) = 0 (mod 3) if 3\k.

r

(5.4) 6pkoa(k, k) = £ (2p + 2a¿ + 2c< - 3) (mod 4) if 2\k.
•-i

We also have
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6hkp<ra(h, k) = A2 E {2¿2 + 3*(2oí - f) + 4,} + (5 - r¿2)

(5.5)

- 3hk £ (2c< - p) - Ukp 2Z Si
»•-i t-i

where 5,= (1/2) 2^m,- [A/ii/¿]([A,uf/£]-fT) is an integer.

Now let !2p=fG where/ is the greatest divisor of 12p prime to k. There

are four possible values for/ (recall that p>3).

(k, 12p) = p, f=u,G = p,

(k, Up)
f=3,   G = ip,

= 2fl

(*, 12*) = 4*) '
(5.6) V V

(k, Up) = 3p, / - 4,   G - 3¿,

(*, 12#) =   6p

(k, Up) = 12/.}•
/ = 1,   G = 12/..

We take h' now so that hh'= — i (mod G&). This is possible since all primes

in G divide k, so that (h, k) = l implies that (h, Gk) = l. We then multiply

(5.5) by —h!, noting that Gk\ 2k2, to obtain

r

(5.7) 6pkcra(h, k) = hu- h'v -3k 2Z (2c,- - p) (mod Gk)
«-i

where

u = ¿ \3k(2ai- p) + At),
i=i

» = Ti - rk\
(5.8)

Using (5.3) and (5.4) we readily verify that

r

(5.9) 6pk<ra(h, k) = 2~2 (6üi + 6a + 6p - 3) (mod/).
»•-1

If p = 3 the above procedure must be modified slightly. In this case r = 1,

ai = o = l, Ci = c, Ai = A = — 3. By (5.4), which holds for p — 3, we have

6pko-a(h, k) = (2c — 3) (mod 4) if 2|&. Setting Up = 36=fG as before we now

have only two possible values for/. If (k, 36) =3, 9 then/=4, G = 9. If (k, 36)

= 6, 12, 18, 36 then/=l, G = 36. Now (5.7) holds with u = 2k,-3k-3. (5.9) is
now 6pko-a(h, &) = (21+6c) (mod/). This congruence is obvious if/=l. If

/=4, then k is odd and we have 6pkcra(h, fc) = (2c — 3) = (21+6c) (mod 4).

Therefore, (5.9) is true for all £ = 3.

We now return to the general case ¿> = 3. Define the integers <b and V by

setting
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f<b=i (mod Gk),
(5.10) J V

GkT = 1 (mod/).

Then, from (5.7), (5.9), (5.10) we have

6pkcra(h, k) = f<f> (uh - vh' - 3k £ (2a - p))

(5.11) V , " '

+ G*r ( £ (6a< + 6c¡ + 6/. - 3) J (mod 12/»*).

By (3.19), (5.11), and setting

A* = £ *,

(5.12) 7
C* = £ «

t-i

we have

f 2« )
ua(h, k) = exp <-6pkcra(h, k) >

\l2pk '

(    /r 3<¿
(5.13) = exp < 2ttî f — (6A* + 6C* + 6rp - 3r)-(2C* - rp)

6. Turning to the case p\k we find that

(6.1)

«(*, k) = e(2ä{2ä:2 + 3^(2^ - p) + 4,}
>=i \

- 3*{ä: - /. + 2a< - 2a<} - 12 £ m[hpi/k])
Mi /

which shows that 6pktAh, k) is always an integer. Assuming temporarily that

p>3 we find that

(6.2) 6pkta(h, k) = 0 (mod 3) if 3\k,

T

(6.3) 6pkla(h, k) = 2Z(P- Pk + 2a,- + 2at) (mod 4) if 2\k,
>-i

(6.4) 6pkta(h, k) = 0 (mod />),

and
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r

6hkpta(k, k) = A2 S {27C2 + 37£(2<z,- - p) + Ai} + r(l - k2)

(6.5)

+ 6A¿ X «•• - 12* Z r<
»-1 t-1

where 7\= (1/2) 22^ [hpi/k]([hpi/k] + l) is an integer.
Now let Up — Fg where F is the greatest divisor of Up prime to k. There

are four possible values for F (recall that p>3).

(k, Up) =   1, F = Up, g = 1,

(*, Up) =   2\
t > F = 3*.    ï = 4,

(Ä, 12/») =   4/ ?»    S        .
(6.6)

(k, Up) =3, F = 4p,   g = 3,

(k, Up) =   6(i, 120 =   6)
t ,        F = P,     g = 12.

(t, 12/»   = 12Í

We take h' now so that hh'= — l (mod gjfe). This is possible since all primes

in g divide k. Noting that gk\ 2k2 and multiplying (6.5) by —A' we obtain

r

(6.7) 6pkta(h, k) = hu- h'v |6i^a¡ (mod gk)
t-i

where

u = 22{3K(2ai-p) + Ai},
(o. 8) ,_i

v = r(l - ¿2).

Using (6.2), (6.3), (6.4) we readily verify that

r

(6.9) 6pkta(h, k) = 9/>2 X) (2a,- + 2a¡ + /»-/>£) (mod F).
«=i

If /> = 3 the above procedure must be modified slightly. In this case r = 1,

ai = a=l, ai = a, Ai = A= —3, pi=ß, M\=M. By (6.3), which holds for p = 3,
we have 6pktaih, k) = (5—3k + 2a) (mod 4) if 2\k. For p = 3 we easily verify

(see (5.2) in [4]) that

2    , ,       4 ,_   . (K       1       1)
2kta(h,k) =—h{2K2-3K- 3]-£/*[V*] - 2¿<-+ —>

9 3jif (.62       3;

2
-|-a*.

3
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Since p= 1 (mod 3) we have £mm[^m/^]— £*/ [&m/A] (mod 3).

Using (3.17) we have

£ [hp/k] = - £ ((V*)) + EW*-{Ei + 7S «(*/»/*)•
M Af M 2     M 2     M

Since, by the discussion immediately following (4.7), the p. in AT run

through a complete residue system modulo k, we have by a theorem of Rade-

macher ((2.31) in [lO]) £*, ((hp/k))=0. Therefore,

£ [hp/k] - — £ m - k/2 + 1/2
AT A     j|f

Ä
= — (#2/6 - Ä76) - A/2 + 1/2

k

= 3ÂA/2 - A/2 - A/2 + 1/2.

Recalling that K = 3k and that ak = 1 (mod 3) we have

2AJ.(A, A) = - 2A/3 + 2k/3 + 2A/3 - 2/3 - 2A/3 + 2/3 + 7

= I

where I is an integer. We conclude that

(6.10) 6pkta(h, A) = 0 (mod 9).

Setting 12p = 36 = Fg as before we now have only two possible values for

F. If (A, 36) = 1 then F = 36,g=l. If (A, 36) =2, 4 then T" = 9, g = 4. (6.7) holds
as before. (6.9) is now 6pkta(h, A)=81(5-3A+2a) (mod F). If T" = 9 this con-

gruence is obvious. If F=36 the result follows from (6.3) and (6.10). There-

fore, (6.9) is true for all p^3.

We now return to the general case p^3. Set

T$ ■ 1 (mod gk),
(6.11) *

gky ■ 1 (mod F).

From (6.7), (6.9), (6.11) we have

6pkta(h, A) s F^iuh - vh' + 6A £ aA

(6.12)
r

+ 9gkyp2 £ (2a,- + 2a< + p - pk) (mod Upk).
«=i

By (4.17) and (6.12), and setting

r

(6.13) a*=2Z<*<
<-i

we have
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( 2rñ )
Xa(h, A) = exp <—— 6pkta(h, A) >

l      /9p2y                                                6*
(6.14) = exp < 2iri í-L- (2 A* + 2a* + rp - rpk) -\-a*

7. Theorem 2. TAe smw

^4(», »<;A;¿;o-i, cr2;a) =

(7 1)
T =    £' «.(*, A) exp{ -2t»(A» - *'*)/*}>

A mod Jb

wAere A=d (mod £), />|¿; ffi^A'<o-2 (mod A), 0^o-i<<r2^A, p\k, is subject to

the estimate 0(re1/3A2/3+<) uniformly in v, d, 0\, o2, a.

Here ai, ct2 are integers, A' is given by (2.4), and £' indicates that A runs

over integers prime to the modulus of the sum.

Proof. Taking G as given by (5.6) we have

I"-    £'   w0(A,A)exp{-27rt(G»A-GxA')/GA}.
h mod fc

Treating co0(A, k) as a function of A we see from (3.16) and (3.19) that it

has period A. Therefore, if we change the modulus of the sum in T to GA

and always select A' so that AA' = — 1 (mod GA) the summands run through

the same values but G times as often. Using (5.13) we then have

-    £'   expÍ2iri(—(6A* + 6C* + 6rp-3r)
G   h mod Ok \ \f

-(2C* -rp)+ — (uh - vh'u\ exp{ -2iri(Gnh - Gvh')/Gk\

whereOgA'<GA.

Since A=¿ (mod p) it follows from (5.2) that C* remains constant for all

permissible values of A in this expression for T. Therefore,

T = — e(a,k,d)    £'   exp{2«/(A)/GA}
G h mod Ok

where \e(a, A, d)| =1 and/(A) = (<bu-Gn)h-(<pv-Gv)h'.
Following Lehner's procedure we obtain
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r = o(iog¿   27
\ A mod Ok

•exp <— ((<pu - Gn)h - (4>v - Gv - Gl - skG/p)h') \ J

where the condition h=d (mod p) has been removed and í and / are integers.

The last sum in (7.2) is a complete Kloosterman sum and therefore, by a

theorem of Salie (p. 264 in [ll]), is subject to the estimate

0((<bu - Gn, Gkyi3(Gk)2i3+').

Therefore,

(7.3) T = 0((<bu - Gn, Gk)l'3(Gk)2'3+' log k).

Since (/, Gk) = l, (qbu-Gn, Gk) = (f<bu-fGn, Gk). But fG= Up and by
(5.10) fd)u = u + mGk. Therefore, we conclude that (f<bu — fGn, Gk)

= (»-12/>«, Gk). Now, (u-Upn, Gk)ú(G(u-Upn), Gk)=G(u-12pn, k).
By (5.8), (5.12), (3.13) u = 3k(2A*-rp)+A (if p = 3, u = 2k2-3k-3). We see
immediately that (u — Upn, k) = (A — Upn, k). Since (A — Upn, k)=0(n) we

have by these remarks and (7.3)

T = 0(nll3k2<3+').

Theorem 3. The sum

(7.4) 7J(«, v; k; <rh <r2; a) = U =    X)'   xa(A, k) exp{ -2«'(A» - 77'v)/¿},
X mod ft

wAere HH'= — 1 (mod ¿); o-i = A'<rr2 (mod fe), 0=<ri<cr2^fe, p\k, is subject to

the estimate 0(nll3k2!3+l) uniformly in v, <Ti, <r2, a.

Proof. By (4.16) and (4.17) x*(h, k) has period k. Therefore, if we change

the modulus of the sum to gk and always select 77' so that 7777' = — 1 (mod gk)

we have

(7.5) U = —    27   X<.(A, R)exp{-2iri(gnh-gvH')/gk\
g   h mod gk

where 0=A'<g&.

If we now select A' so that AA'= — 1 (mod gk) then phk'= —p (mod gk).

Multiplying this congruence by 77' and recalling that ph = H we have

h'=pH' (mod gk). Since p\gk there exists a 5 such that pb~ = l (mod g&).

Therefore,

(7.6) 77' s aA' (modg¿).

By (7.5), (7.6), (6.14)
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U - — ((a, A)     £'   exp{ 2irif(h)/gk)
g h mod 0*

where | «(a, A)| =1 and f(h) = ($u—gn)h — (<&v—gôv)h'.
Proceeding as in the proof of Theorem 2 we find that

U = 0 (log A    £'   exp(— ((*« - gn)h - (*o - ¿fe - f0*0 1 )•
\ h mod í* I gk ) /

This last sum is a complete Kloosterman sum and the rest follows exactly

as before.

IV. A Convergent Series for pa(n)

8. We now have the basic tools needed for an attack on our main prob-

lem, the determination of pa(n). The procedure followed in this section is that

of Rademacher [8], By Cauchy's integral formula and (2.1) we have

2iciJ c   xn+1 h,k;oSh<kSN 2« Jihk   xn

where £»,* are the Farey arcs of order N of C, the circle | x| = exp { — 2wN~2}.

£' indicates that A runs through integers prime to A, with A = 0 occurring

only if A = 1. If on the arc £»,* we introduce the variable tp by means of the

equation x = exp { — 2irN~2+2irih/k+2iri<p} and write w = N~2—i<p,z = wkwe

obtain

(8.1) pa(n) =        £'      exp{-2««A/A}   I T"a(exp^-\)
A,/fc;0s *<*sAT J-e'h,k       ^ '•A A  ; /

•exp{2xMw}a'^>.

Heret?iit=l/A(A+Ai) and 6'„'it= 1/A(A+A2) where Ai/Ai<A/A<A2/A2 are con-
secutive terms in the Farey series of order N.

We now split the sum over A in (8.1) into two parts, pa\n) and pa\n),

according to whether p\ A or p\k respectively. We then have

(8.2) pa(n) = p?\n) + p?(n).

Each of these sums will be treated separately. We consider first pa\n).

Select ß so that a$ s 1 (mod p). By (3.8) we have A ■ biß (mod p) or

h=—biß (mod £) both of which yield the same set b = {bi, b2, • • • , b,}. There-

fore, as bi runs through its set of values for a given A we will pick up all the

possible values of A by requiring that A= ±biß (mod p), 0:gA<A, (A, A) = 1.

Since, for a given a, b determines bi uniquely and, vice versa, &i determines b

uniquely, we have from (8.1), (8.2), and (4.18) of Theorem 1
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(1) (P-D/2

Pa  (») =    23     23' wa(A, k) exp{ — 2irinh/k)
»!-l A,*

•   I       23 Pb(v) exp{2«A'i-/*}

•exp{ -(t/Pw)(2v - 73/6/») + rw(2n - A/6p)}d<b,

where 0 = A<ife = iV, h= ±biß( mod/»), fe = 0 (mod/»).
For a fixed value of ¿>i we split the sum over v into two parts Q(n) and

7?(«), depending on B and therefore ôi, such that in Q(n), (2v—B/6p) <0 and

in 7?(w), (2v — 73/6/>)=0. Using Rademacher's argument (§7 in [8]) and util-

izing Theorem 2 we find that

(8.3) R(n) = 0(e2^~tn1l3N~1l3+').

Now Q(n) contains all v such that v <B/Up, so that if B = 0 the sum over

v is vacuous and Q(n) =0. It is of interest to investigate under what condi-

tions 73^0. By (3.14) 73=r/»2-6/>27-i &i+627=i &?• Treating 73 as a func-
tion of r continuous variables we see that dB/dbi=Ubi — 6p<0, since

bi^(p — l)/2. Therefore, 73 assumes its maximal value if the elements of b

are 1,2, • • • , r. We conclude that

r r

B = rp2 - 6/> 23 * + 6 23 i2
i=l «=1

= 2r3 - 3(p - l)r2 + (/»2 - 3/> + l)r.

This implies that if 2r2-3(/>-l)r+(/»2-3/>+l) g0 then 73 = 0 for all bu
Applying the quadratic formula we see that this condition is equivalent to

3(/» - 1) - (/>2 + 6/» + I)1'2 3(/» - 1) + (p2 + 6/» + l)»'2
-= r =-•

4 4

Since the right-hand inequality is always satisfied and since

3(j>_1)_(j,2 + 6¿+1)i/2      ¿-j

4 2

we see that 73 =0 for all h if /- = (/>-l)/2.
Let us now assume that r < (/» —1)/2 and that b consists of the r consecu-

tive integers x, x + 1, • • • , x+r — 1. Then

73 = (6x2 - 6(/> - r + l)x + (p2 - 3pr + 3/>) + (2r2 - 3r + i))r.

Making use of the quadratic formula we deduce that 73 =0 if

p-r+l      (p2 - r2 + l)1'2 p-r+1      (p2 - r2 + l)1'2

2 (12)1'2 =X= 2 (12)1'2
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Since

p-r+l      (p2-r2+iy2      p

2      " (12)1'2 ~~2

we see that the right-hand inequality always holds. Since B is a decreasing

function of each bi we conclude that

p-r+l     (p2-r2 + l)1'2
if min bi ^-—   then   B < 0.

2 2(3) «•

Conversely,

p + r-1      (p2 - r2+ l)1'2
if max bi <-then    B > 0.

2 2(3) w*

If r = 1 the last inequality reduces to Livingood's result that Q(n) is

different from 0 only for b = h such that 1 ̂ b<p(3-3ll2)/6.

In evaluating Q(n) we again utilize Rademacher's technique as found in

[8] and obtain

/o a\ G(«) = 2îr      £ £   Í6(")-4*.»(»i ")Lk,b(n, v)
(8.4) *-l;JbsO(p)    »<B/12j>

+ 0(e2TnN'1n1'3N-1l3+').

Here

(8.5) ^*,6(«,y) =    £'   w0(A, A) exp{-2«(»A - yA')/A}
A mod A;

where A = + ¿>ijS (mod £), and

1     /•»((£- i2vp)T/6pk2w)"   "   ((12«/» - ^)ttw/6/>)x
£*.&(«, y) = —- f   2^-¡- £-—-dw

¿tri J R ^=o M ! x-o X !

where i? is a rectangle containing the origin.

By Cauchy's Residue Theorem we see that

(8.6)   £*.»(», «0 =

(B - 12x/>)1/2     ,
Ii{r(12np - Ay2(B - I2vpy/3pk}

k(Unp - A)1'2

A
if »>-,

Up

(B - 12vp)T , A
if » =-,

6pk2 \2p

where Ji(z) is the Bessel function of the first order with purely imaginary

argument.
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The possibility that A/Up be an integer is one which does not occur in

the investigations of Lehner and Livingood. As an example to illustrate the

possibility of this occurrence in the general case, if we take /» = 1327, r = U,

a= {5, 6, 7, 8, 10, 12, 14, 16, 18, 20, 22, 24}, we find that A/Up = n = 1248.
The determination of Lk,b(n, v) in case n<A/Up is possible but of no

significance here since, as we shall see, the final formula for pa(n) will require

a knowledge of pa(v) for v<A/Up if A >0.

We now take up the study of pa2)(n). From (8.1), (8.2), and (4.19) of

Theorem 1

Pa   (») = — 27 ( II csc rrcti/p )Xa(h, k) exp{ — 2irinh/k\
2r h,k  \ <-i /

•   f      2Zca\v)^{2TiH'v/k)
J-f     r-0

•exp{-(T/7iM(2T - r/6) + irw(2n - A/6p)}dd>

where 0 = A<£ = AT, (p, k) = 1.

We split the sum over v into two parts Q*(n) and 7?*(«) such that in

Ç*(«), (2i»-r/6)<0 and in 7?*(«), (2i»-r/6)=0. Since (II;.l csc irca/p)
= cscr7r//> we see by exactly the same argument as in the case of 7?(«), re-

calling the remark following (4.13), and employing Theorem 3, that

(8.7) R*(n) - 0(e2'nN"n1l3N-li3+').

Q*(n) contains all v such that v<r/U. Using the same procedure as in

the case of Q(n) we find that

(8.8)

where

(8.9)

Q*(«) "Ti f ft csc ircti/p)   23 ^)W73ft(«, v)Li*(n, v)
2r ft=l; (ft,j))-l \ ¿-1 / »<r/12

+ 0(e2™N~2nl,3N-li3+'),

Bk(n, v) =    23'   Xa(h, k) exp{ - 2tî(«A - vH')/k}

and

(8.10)    Lk*(n,v)

(r - Uv)1'2

k(Unp - A)1'2

(r - Uv)ir

7i{t(12m/» - AY'2(r - Up)l'2/3pk}

6pk2

A
if » >-,

Up

A
if » = —.

Up
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Since PÍl)(n)=2ZbAQM+R(n))  and pf\n)=Q*(n)+R*(n)  we  have,
letting #-»<» in (8.3), (8.4), (8.7), and (8.8)

Theorem 4. TAe number, pa(n), of partitions of a positive integer n, n}zA/l2p,

into positive summands of the form pm + a,, a¡£a, is given by the convergent series

oo (jj-D/2

pa(n) = 2tt      £ E       £    pb(v)Aic,i,(n, v)Lk,b(n, v)
, , *-1¡*"0(j>)        61=1       r<B/lip

(8.11;

)+ —-      £      (jlcscToti/p)   £ cak (v)Bk(n, v)Lk*(n, v
2 ¡fc=l; (p,i)_l \ i-1 / »<r/12

where Ak,b(n,v), Lk,h(n,v), Bk(n,v), Lk*(n,v) are given by (8.5), (8.6), (8.9), awá

(8.10) respectively.

We remark that this result, except for the case n = A/\2p, is contained

in a more general theorem due to Petersson (Satz 13 in [5]). In form, how-

ever, Petersson's statement is quite different from (8.11).

V. An Addition to the Set a

9. Our next objective(4) is to modify Theorem 4 so that in the partitions

of n, summands congruent to 0 modulo p are admissible. We first study the

function

CO GO

FP(x) = J! (1 - *?m)_1 = K&) = 1 + £ #„(»)*"
m=l 7i=l

where F(x) is the generating function of the Euler partition function. pv(n)

represents the number of partitions of n such that every summand is con-

gruent to 0 (mod p). The transformation equation of Fp(x) is easily obtained

from that of F(x) ((2.4) in [7]).

Lemma 1. Fp(x) satisfies the transformation equation

Fp(exp{2irih/k - 2wz/k}) = zl'2wp(h, A) expi— (Bp/z - Apz)\
(6pk )

■Fp(exp{2irih'/k - 2tt/Az})

if p\k, and the equation

Fy(exp{2«A/A - 2xz/A}) = zWpu'Xpfa k)

•expl—(l/2z - i4,í)[-F(exp{2Ttiry* - 2«-/^»})
\6pk )

if p\k. Here

(4) The proof of Lemma 1 in this section was suggested by the referee.
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AP = Bp = p2/2,

«„(A, k) = exp<« 2) (0*A))((W*))>     where   ß = p, 2p, ■ ■ • , k,

XP(h, k) = exp<T¿ 23 (iß/K))((hft/k)),   where   ß = />, 2/>, • • • , K.

10. Defining the set ä=\a\, a2, ■ • ■ , ar, p\ we now wish to determine a

convergent series for pä(n), the number of partitions of « into summands

congruent to elements of ä or their negatives modulo p. The general procedure

parallels that used in our investigation of pa(n). Theorem 1 and Lemma 1

yield the required transformation equations, and the Farey dissection

method is again utilized for the integration. The main differences arise from

the fact that the presence of z1'2 necessitates the introduction of a loop inte-

gral and that the trivial estimate 0(k) replaces those of Theorems 2 and 3.

Our method is similar to that employed by Rademacher and Zuckerman [9].

Consider the generating function

00

(10.1) Fa(x) = Fp(x)Fa(x) = 1 + 23 pt(n)x\
n=l

which is convergent in the interior of the unit circle. By Theorem 1, Lemma

1, and multiplication we have

Theorem 5. Fä(x) satisfies the transformation equation

Fi(exp{2Tih/k - 2-Kz/kX) = z1/2a>ä(A, k) exp^— (B/z - ~Iz)\
(10.2) , r

■Fi(exp{2wih'/k - 2w/kz))

if p\k, and the equation

(10.3)

F&(exp{2irih/k — 2-wz/k}) = -x«ih, k) H csc t«,//»
■^ »—i

(6pk

if p\k. Here

(10.4) cod(h, k) = wa(h, k)up(h, k),

(10.5) x*(h, k) = xa(h, k)Xp(h, k),

(10.6) I = A + Ap,

(10.7) 73 = 73 +73,,,

(10.8) f = r+ 1/2,

(10.9) h={buK---,bnp},

exp-j— (f/z- ¿z)Í77a(exp{2Tí7íy¿ - 2ir/Kz})
(6pk )
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(10.10) m(x) = Ha(x)F(x) = 1 + £ Cä\y)!C.
r-l

By Cauchy's integral formula and (10.1)

2-kíJc   xn+l        h,k;0sh<kSN 2iriJ(hk xn+1

Defining tp, w, z as before we have

„            ,                 if'"            (2vih      2vZ)
pa(n) =       2J     exp{—2íríwA/A)   I     Fa exp <->

(10.11) ****<"* J~" I  k * í

•exp{27T«w}a*<i>.

(10.12) pn(n) = pa\n) + pî\n)

where /»^(w) is the sum of the terms for which p\k and £a2)(») is the sum of

the terms for which p\k.

Selecting ß so that ai/3=l (mod p) we have by (10.2)

(1) (p-D/2

Pá (n) =    £    exp{27TwAr-2} £'coa(A, A) exp{ — 2xîmA/A}
&i=i *,*

/exp{ -2«^}z1'2 exp<— (B/z - Jz)\
-«> \tpk )

M

• £ Pi(v) exp{2«VA'/A - 2wv/kz}d<l>

where 0^h<k^N, h=±biß (mod p), AsO (mod p).

We now restrict our attention to values of n such that n>A/12p. There

is no real loss in this restriction since our final formula for pa(n) will require

prior knowledge of the values of p6(v) for v<A/\2p. n = A/l2p is impossible

since by (10.6) A is not an integer.

For a fixed value of ¿>i we split the sum over v into two parts Q(n) and

R(n) such that in Q(n), (2v-B/6p) <0 and in R(n), (2v-B/6p)>0. Follow-

ing the method detailed in [9] we find that

(10.13) R(n) = 0(e2"N'1N~1i2)

and

(10.14) Q(n) = 2ir     £ £    pb(V)Ak,b(n, v)Lk,b(n, v)
k—l;k=0 (p)   »<B/12j>

+ 0(e2"N'iN-1"t).

Here
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(10.15) A~k.b(n, v) =    27   ««(*> *) exp{ -2«(»A - vh')/k\
h mod ft

where h=±b\ß (mod /»), and

(73 - 12z»/»)3'4 _      _
(10.16) Lt.t(n,y) = —-§—/,,/„ x(12»# - ^)1'2(73 - 12itf)"y3# .

k(12np — A)31*

-^(3/2) (z) is the Bessel function.

The treatment of pf(n) is similar. (10.3), (10.11) yield

pä  (n) =-exp{2T«iV~2} 21' X*(h, k) exp{ — 2rinh/k]
2r h.k

H csc trailp I       exp{ — 2t«íz>} z1'2 exp <-(f/z — Az) >

¿ cí*^) exp{2TÍi»7J7* - 2rv/Kz}d4>

whereO = A<Jfe = Ar, (/>, *) = 1.
The sum over v is split into parts Q*(n) and 7?*(«) such that in Q*(n),

(2i> — f/6) <0 and in R*(n), (2t> — r/6)>0. Since, by the remarks following

(4.13), the series for 77d(x) converges in the unit circle uniformly in k, and

since Hï-i csc TtQ-i/P = cscr ir/p we have by exactly the same procedure as in

the case p\k

(10.17) R*(n) = 0(e2""f~1N-1'2)

and

.in i «    0*00 - 5t      23      ( ñ csc W/>)   Z  cf\v)Bk(n, v)L¡?(n, v)
(lu.i»; /r_1 *-i;(p,*)-i \ <-i / »<;/i2

+ 0(e2™N~*N-1'2)

where

(10.19) Bk(n, v) =    23'   Xä(h, k) exp{ -2«(«A - vH')/k}
h mod ft

and

(10.20) Zft*(», v) = J' ~ 12y)'/4    /(1/î){T(i2„# _ 2)U'(t - 12.) 1/V3/»*}.
k(Unp — A)3'4

Summing 7?(w) and <2(«) over 61, and letting N—»°o we have by (10.13),

(10.14), (10.17), (10.18)
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Theorem 6. The number, pá(n), of partitions of a positive integer n,n>A/\2p,

into positive summands congruent modulo p to elements of ä or their negatives is

given by the convergent series

oo (p-D/2

pä(n) = 2ir      £ £       £    pl(v)Ak,b(n,v)Lk,b(n,v)
¡t-l;Jfc30 (p)        ti-1       y<B/12p

(10.21)

+ -—      £      ( II csc«■«<//>)   £ Cá  (v)Bk(n,v)Lk*(n,v)
2        *-l;(p,*)-l \ t=l / »<J/12

wAere .4*,0(ra, v), Lk>b(n, v), Bk(n, v), Lk*(n, v) are given by (10.15), (10.16),

(10.19), (10.20) respectively.

VI. Asymptotic Formulas

11. As the series for pa(n) and pä(n), as developed in Theorems 4 and 6,

are extremely complicated it is worthwhile to investigate the possibility of

obtaining asymptotic formulas of a simpler form in order to approximate

them for large n. We first consider pa(n) where n>A/\2p. As we shall see,

A = 1 yields the dominant term in the expansion. When A = 1 it follows from

(4.8) that oti=Oi for *=1, 2, • • • , r. We also note that B\(n, v) = \. Writing

(11.1) G(v) = (r - 12k)1'2,

ir(\2np - AY'2
(11.2) T =

3p

(11.3) W=   £ ct1\p)G(v)I1{TG(v)},
Kr/12

we have by (8.11)

(11.4) PM = ^(g csc rat/p) (UnpW_ ^ {l +¿, + 5,}

where

Si = 2'( Ó sin iTüi/pj       £      £    £    pb(v)Akib(n, v)
. . V >=1 /    k~p;k=0(p)    6i   KB/12p

(11.5)
(B - I2vp)1'2 Ii{T(B - I2vpyi*/k}

A W

and
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G(v)
Si = ( II sin Tflf/i)      23      ( II csc Ta,//»]   23 Ca  (v)Bk(n,v)

\ 1—1 / *-2;(*,p)—1  \ i—1 / »<r/12

7i{ TG(v)/k)

W

We first investigate the magnitude of 5i. If 73^0 for all ¿>i then 5i = 0.

Otherwise, as we have shown in §8,

r r

(11.7) 73 ̂  rp2 - 6/> 23 * + 6 23 *2 = M   where    M > 0.
<-i <=i

Obviously, there is a constant / such that for all Z»i and v<M/Up

(11.8) 0 ^ pb(v) ^J.

From (8.5) and Theorem 2

(11.9) Ak,h(n, v) = Ofy»**'«-)

uniformly in p and £>.

Obviously

r

(11.10) 0 < II sin vot/p < 1.
<-i

From the theory of Bessel functions

(11.11) h(z) =-(1 + 0(z~1)) as z -» oo ,
(2TZ)1'2

and

(11.12) 7i(z) = 0(«) if |*|   < 1.

Finally

(11.13) W r^rU'hlTr1'*}.

Proof. If r ^ 12 there is nothing to prove. We assume, therefore, that r> 12.

From (11.3)

.   / „     m      GW iATG(v)}\

For large » it follows from (11.11) and (11.2) that
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h{TG(v)\ .
-l^ = O(exP{r(G(l)-r''2)0

(11.15) /       l-2ir(nrY'2 )\
= O^expj (1 - A/Unpyi2(\ - (1 - 12/r)^)| j.

Since l^'Wl is bounded for 0OO/12 the desired result follows from
(11.14) and (11.15).

From (11.5), (11.7), (11.8), (11.9), (11.10), (11.13) we have

/» lATMxi2/k)\
(11.16) Sx = o ( 23 »1/3¿-1/3+< ——,—V ) •

\k% h{TrU2}  J

We now split the sum in (11.16) into two parts according to whether

k<TMil2 = D or k>D. Utilizing (11.11) in the first case and (11.12) in the

second we have

(11.17)

Si  =   0 ( 23 «1/3¿-l/3+í¿l/2 exp{ T'MUi^  _  rl/2)A
\    k=P /

+ 0 (  23 n^k-^+'k^T3'2 exp{ -Tr1'2} ).
k>D

We note that

(11.18) -rx'2<0 iik^ p.

For

M     M      1  I ' '1 'i
-á- = -V-6/>23¿ + 623^=r-623-(l- i/p) < r.
k2      p2      p2 ( ,-i ,_i    ) <_i   /»

Also, from (11.2)

t(12/»+ I ¿l)1'2
(11.19) rg—-!—*-—nl'2= Sn1'2,

3/>

2t»1'2 2t
(11.20) T =-(1 - A/Unpy2 >-(1 - e)»1'2 = ô*»1'2

(3pyi* r        (3/»)1'2

for £ > 0 and large ».

From (11.17)-(11.20) we conclude that

Sx = 0(»1/3»7/12+« exp{ -db*n1'2))

+ OWWn-^Vr' exp{ -r1'^*»1'2})

where
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(11.21) d = r1'2 - Mlt2/p.

Therefore, using (11.20) we have

Si = 0(n-txp{-db*n1'2))

(u■22,       -°(expH^ -*)"'"})•

The study of S2 is quite similar. We remark first that | Ca(v) | is bounded

uniformly in A and v for v<r/l2. For 4*V) nas exactly the same form for

every value of A. For example,

¿k)(D = £(Pi + P.).(*),
i; =

•-i

Furthermore, for each A, \pt\ =1 for t = l, 2, • • • , r.

From (8.9) and Theorem 3 Bk(n, v) =0(nll3k2l3+e) uniformly in v.

Making use of these remarks and proceeding as before we find that

Si = 0(»-exp{ -rl'26*n1i2/2})

(11.23) ä/       [    ( rr1'2

Âïpy
From (11.4), (11.22), (11.23) we obtain

Theorem 7. As »—>«>

W

- °M-(£^- ')"'"})•

í.(»)-~(ncscwí)—
. (12»* - A)1'2

(11.24)

(1 + 0(eip{-(^-)""'}))

where

(11.25) c = min{l/2, 1 - M^/pr1'2}.

By (11.14) and (11.15) we have also:

Corollary 7.1. As n—><*>

h{Trl>2}rf1"/' \      h\
pa(n) =-1     I csc irai/p )-

2-1 \ t-i /(12n/_..* - A)1'2(11.26) e

•(,+0M-(s£-M))
where c is given by (11.25) if r 5= 12 and
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c = min{l/2, 1 - M1'2//»-1'2, 1 - (1 - 12/r)1'2}

otherwise.

This result is easily identified with those of Petersson ((10.8) in [5]) and

Grosswald (17'" in [l]).

If we use (11.11) we have from (11.2) and (11.26)

Corollary 7.2. ^i »—►»

(60)l/2rl/4 /    r \

(11.27)   pa'n)=—^-— ( YlcscTrai/p)exp{TrV2}.{l + 0(n-u2)}.
2r(12np — A)3li\ ,_i /

This is essentially Petersson's result ((10.9) in [5]).

12. Turning now to pa(n) we find that as in the case of /»0(») the dominant

term in the expansion is given by k = l. Defining

(12.1) G(v) = (f - Uv)1'2,

_      t(12m/>- J)1/2
(12.2) T = —-—,

3/,

(12.3) W=    23 «"«('- 12,)3/473/2{TGW},
r<r/U

(12.4) M = M-\-p2/2,

we have

Theorem o. As »—>=°

F,l/2    /    r \ W
*P        ( TT \

pä(n) = —— I  H csc irai/p )
2r~1  \ i=i / (Unp - A)3'4

(12.5) ' y
nircfW

(1 + °(^{-&- <)»■"}))

where

(12.6) c = min{l/2, 1 - M^2/rwp\.

Corollary 8.1. As «—>=°

TpWfm /A A   Im{?fV*}
pain) =-I     1 csc Ta,//>   -=-
VK) 2-1      Vti ,y)(Unp- A)3'4

where c is given by (12.6) if f<U and
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c = min{l/2, 1 - Mlt2/pfl<2, 1 - (1 - 12/f)1'2} otherwise.

Since 73/2(z) =ez/(27Tz)1/2(l+0(z-1)) as z—>=°  we have from (12.7) and

(12.2)

Corollary 8.2. As n—>«

p(6f)112      / r \

(12.8)     p*(n) = —f--=-( ncscTra^lexpírr^Kl + Ot«-1'2)).
2r(l2np — A) \ ,_i /

Since the proofs of these results parallel those for pa(n) they are omitted.

VII. Some Special Cases

13. It is of interest to apply the results obtained above to some particular

sets a and to a restricted range of values for r. If we take

a- {1,2, • ■•,(/»- l)/2}    then   r= (p - l)/2

and we find that

(13.1) B = A = tZJL < o for all ¿i.
2

Also,

r / Cp-D/2 \-l

(13.2) 2-r II csc rai/p = (    J[   2 sin irOi/p )    = frW».
<-i \   «-i /

By (13.1), (13.2), (8.11) we have

Theorem 9. If p(n\ p) is the number of partitions ofn such that no summand

is divisible by p then

7^7     £ £      Ca\v)Bk(n,v)Lk*(n,V)
*=1;(P.*)-1   K(p-l)/24(Pyi*

where Bk(n, v) and L*(n, v) are given by (8.9) and (8.10) respectively.

This result can be given a different interpretation. By a theorem of Tietze

[13], if A is a positive integer then the number of partitions of n in which no

summand is divisible by A is equal to the number of partitions of n in which

no summand is repeated A or more times. Thus, (13.3) furnishes a convergent

series for the number of partitions of n in which no summand appears more

than (p — i) times. We also note that (13.3) agrees with a result due to

Petersson (equations (2.7)—(2.11) in [6]) if Ao and Ai are set equal to 1 and 0

respectively in the latter.

14. When r ^ 12 (which is always true if p S 23) only Ca*'(0) = 1 appears in
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(8.11). Then

oo (p-D/2

pa(n) = 2tt      £ £       £   pb(v)Akib(n, v)Lk,b(n, v)
...    .. *-l;*sO(p)        0l-l      ><B/12p

(14.1)

+ -^-      £      ( II csc Tcti/p)Bk(n, 0)Lk*(n, 0).
2r_I   k-l; (p,*)-l \ f-1 /

For r=l this formula reduces to that obtained by Livingood ((7.9) in [4]).

Now, the maximum value of B is obtained when b= {l, 2, • • • , r}. In

this case

B = rp2 - 3(r2 + r)p + 2r3 + 3r2 + r.

Therefore, for all £>i such that B>0, if

rp2 - 3(r2 + r)p + 2r3 + 3r2 + r

12p
< 1

then only pb(0) = 1 appears in (14.1). Using the quadratic formula we find

that the last inequality is equivalent to

3(r2 + r + 4) + (r4 + 6rs + 77r2 + 72r + 144)l'>
(14.2) p<-

2r

We conclude that if r ^ 12 and p satisfies (14.2) then

90

pa(n) = 2ir      £ £    Ak,b(n, 0)Lk,b(n, 0)
k-l;kmO(.p)    b^B>0

(14.3)

+ -^—       £      ( I! csc irat/p) Bk(n, 0)Lk*(n,
2T~1   *-l;(p,*)-l   \ ,-1 /

0).

We give the maximum value of p for which (14.3) holds for some special

values of r. For r= 1, 2, 3, 6, 9, 12, /> = 17, 13, 13, 17, 23, 23 respectively.
15. If p = \ (mod 4) then the set a= {au a2, • ■ • , ar\ can be taken so

that in conjunction with \p — a\, p — a2, • • • , p — aT\ we have either the set

of quadratic residues or the set of quadratic nonresidues modulo p. In this

case r=(p —1)/4. If we consider first the case of the quadratic residues we

obtain

(15.1)    A = A+ = £ (/ - 6pa{ + 6a!) = —    £    (p* - 6pj + ó/)
t'-l 2   o"/p)-+l

since p2 — 6pj+j2 = p2 — 6p(p—j)+6(p—j)2. Here (j/p) stands for the

Legendre symbol. Noting that in the last sum of (15.1) u appears if, and only

if, p — p appears we have
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(15.2) A+= - \ p2(p - I) A-3    23   J2-2 07p)-+i

Similarly, in the case of quadratic nonresidues we have

1

2 u/p)—i

Now let

(15.4) Q+ = (n - A+/UpY'2,       Qr = (n - A'/UpY'2,

(p - l\i/2

(15-5>     <=-hr) ■
Letting p+(n; p) and p~(n; p) denote the number of partitions of « into

quadratic residues and nonresidues (mod p) respectively, we have from

(11.26), (11.2) for sufficiently large w

/>*(»;/>) =—^—(    II    sinT//i)     (Ö±)-I71{gf2±}
(15.6) V'     2^+3)/4\(//p^±1 J/rJ     KV {HV

•{l + 0(e-s«1/2)}

where 8 > 0. Here either + or — is to be taken throughout in both members.

From the theory of Bessel functions we have

(15.7) 71{?Q±} =  CXP'g    * {l - 3/8?<2± + CK«-1)}.
(*     '       (2T?e±)1'2

From (15.6), (15.7), and division we have for large »

P+(n;P)     /#.„A"1'2

/>-(»;/>)(15.8)       r       ¥
(fi (sin t//£)'''/'A

•(l -—(A+/Up - A'/Up)^1'2 + 0(n-l)j.

By a theorem of Dirichlet

(15.9) (5 (sin»?■/*)«">)        = «»

where A is the class number of the real quadratic field R(p112) and e is its

fundamental unit.

By (15.2) and (15.3)

A+      A-      1 cj
(15-10) Wp-ñp'Tp^'^-
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This last sum is well known (see [12, pp. 677-678]) and is equal to

4cpab(p) where c= 1/240 if p = \ (mod 8), c= 1/560 ii p = l (mod 8), and

ab(p) is the number of representations of p as 5 squares, representations differ-

ing by sign or order of summands being considered as distinct.

Using (15.8), (15.9), (15.10) we state

Theorem 10. If p = \ (mod 4) and n—><*> then

p+(n\p) /        t \
(15.11)     r = 6*( 1 - - (3(p - l)/pyi2ca6(p)n-u2 + 0(n-1)).

p~(n;p) \        6 /

This result was previously obtained by both Petersson ((5.12) in [6])

and Grosswald ((1) in [l]).

16. As our final result we shall utilize Theorem 6 to obtain a convergent

series for p(n), the number of unrestricted partitions of n. If

a= {l, 2, ••-,(/>- \)/2,p)

then obviously p&(n) = p(n). In this case we have

(16.1) r=(p-\)/2,       f=p/2,

(16.2) B = J = p/2 for all h.

Since, therefore, J/12p= B/\2p = 1/24 we see that (10.21) holds for all «^ 1

and that only v = 0 appears in the first term. Furthermore, from (10.15) and

(10.16) we have

(p-l)/2_

(16.3) E    Ak,b(n, 0) = Ak(n) =    E'  ««(A, A) exp{ — 2irinh/k\,
o,= l h mod k

(16.4) Lk,b(n, 0) = —-—- 73/2{t(24« - iy2/6k}.
blvAn —  1l3'4A(24« - 1)"

For all A such that (p, A) = 1

(16
(r \-l / (p-D/2 \-1

2' TI sin irai/p\    = [    II   2 sin wj/p)     - frl'2.

Also, for all such A, the p¿ in conjunction with the p„ run through the set

of values a, u2, • ■ ■ , wp_1, where w = exp {2rri/p \, exactly once. Therefore,

for all A

OO

Hä(x) = II {(1 - *")(! - uxn)(.1 - w2*") •••(!- w»-1«")}-1.
n—1

Now  (1—z)(l—íoz) • • • (1 —wp_1z) = 1 —zp since both  members are poly-

nomials of the pth degree in z with roots 1, o>, • • • . co''~l. Therefore
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Haw = n (i - »v -1 + ¿W+• • • •
n=l

Since f/12=/?/24 this shows that in the second term of (10.21) only »» = 0

appears. From (10.19) and (10.20) we have

(16.6) Bk(n, 0) = Bk(n) =   23'   Xa(A, k) exp{ -2«»*/*},
h mod k

(16.7) Zft*(», 0) = _ 73/2{t(24« - lV'2/6¿}.

We conclude from (10.21) and (16.1)-(16.7) that

2t "    Cft(»)
(16.8) p(n) = —-—- 23 ~~- 7,/2{t(24» - l)i'2/6A}

(24« — l)3'4 ft=i      k

where Ck(n) = Aft(«) if p\ k and Ck(n) = 73A(») if p\k.

From (16.3), (10.4), and the definitions of ju,- and p when />| A we see that

A~*(») =    23' exp {tí 23 ((;'/*))((*//*))} exp{ -2«»A/¿}.
A mod k \        j=l /

Since (07*))=j/*-l;/*]-l/2 + (l/2)507*) and since £?_, ((hj/k))=0, we
have

(16.9) Jft(») =    23' exp {tí ¿ — ((A//A))l exp{ -2rinh/k\.
h mod ft V j-1     & I

Similarly,

Bk(n) =    23' exp {tí 23 — ((*;/*))} exp{ -2irinh/k}.
h mod ft V.        j-1   Pk )

Now

Z 4 ((hj/k)) = Z~ iihj/k)) + 23 ̂ 4r «*#*»
y-i />« y_i />« i-i     />«

* 2* +j                      * (*- i)Ä+y

+ 23 —v^ ((*;/*)) + • • ■ + 23-;—-((*;/*))
y=i      pk y-i pR

= P2ZL, ((*//*)) = 23 y ((*;/*)).;=i  ;p/? y=i   «

Therefore

(16.10) Bk(n) = !»(»).
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From (16.8), (16.9), (16.10) we have

Theorem 11.  TAe number, p(n), of unrestricted partitions of a positive

integer n is given by the convergent series

where Ak(n) is given by (16.9).

This result is easily seen to be the same as that first proved by Rade-

macher ((1.8) in [7]).
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