A PROBLEM ON PARTITIONS WITH A PRIME
MODULUS 523 (!

BY
PETER HAGIS, JR.

I. INTRODUCTION

1. Let p = 3 be a prime, and let ¢ = {al, a - - -, a,}, where 1 <Za;
=<(p—1)/2, be a set of r distinct integers. We are concerned with the problem
of determining p.(n), the number of partitions of a positive integer n into
summands congruent to +a; (mod p). Using the circle dissection method of
Hardy [2](?) and Rademacher [7; 8], Lehner [3] succeeded in obtaining a
convergent series for p,(n) in the special case where p =5 and r=1. This result
was generalized by Livingood [4] who found convergent series for p,(n) for
any prime p >3 and r=1. Both Lehner and Livingood also obtained asymp-
totic formulas for pa(n). Petersson [5; 6] has recently obtained many results
concerning p.(n) and other much more general partition functions. His
method differsradically from those of the above mentioned authors and makes
use of algebraic and group theoretic properties of the generating functions
rather than analytic processes. Grosswald [1] has considered a generalization
of the present problem where the set @ is replaced by a set of m distinct least
positive residues modulo p, and p.(z) is taken as the number of partitions of
n into summands congruent modulo p to elements of this set. The present
problem is the special case which Grosswald designates as symmetrical. Due
to the asymmetry in the general case, only asymptotic formulas are obtained.
The method employed is a variation of the circle dissection process.

In the present paper the procedure of Rademacher and Lehner is utilized
and a convergent series for p,(n) is obtained. The effect of adjoining the ele-
ment p to the set @, so that summands congruent to 0 (mod p) are admissible,
is then studied, and Rademacher’s formula for p(n), the number of unre-
stricted partitions of #, is later derived as a direct consequence. Asymptotic
formulas are also developed and some special cases considered. While many
of the results obtained are not new, it is felt that the present investigation
is not without value. Theorems first proven by the function-theoretic method
of Petersson have been shown to be obtainable by the simpler and more gen-
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eral circle integration method. We have here a clear indication that partition
functions of great generality can be studied by using relatively simple ana-
lytic procedures.

II. THE TRANSFORMATION EQUATIONS
2. We consider the generating function

@.1) Fu(®) ﬁ(ﬁa—ﬂwwfﬁa—wwwﬁ

tm=1 \ m=0 me=1

14+ 3 palmyan

n==1

which is convergent in the interior of the unit circle. In what follows it will
be necessary to determine the behavior of F,(x) in the neighborhood of a
rational point on a circle concentric to the unit circle and of radius less than 1.
Therefore, we take

(2.2) x = exp{2mih/k — 2xz/k}
where
®(z) >0, (k) =1, 0Sh<ek

Our first objective is to derive a transformation equation for F,(x). Two
cases must be considered. If p] k then we study the transformation x—x’,
where

(2.3) &' = exp{2wik’/k — 2xz"/k}

and &’ is a fixed solution of

(2.4) ki = — 1 (mod k).

If pJk we study the transformation x—x’’, where

(2.5) " = exp{2wiH'/k — 2x3~'/K]}

and

(2.6) HH' = — 1 (mod k), K = pk, H = ph.

Now, F.(x) is regular and different from 0 in the unit circle. Therefore,
log Fa(x) is single-valued in the same region if we select the branch given by
log F,(0) =0 and we may define

Gi(x) = log Fa(x) = — i( iolog (1 — gxpmtas) i log (1 — x”““"))

2.7
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3. We first consider the case p|k. Fori=1,2, .., rset
mEtai=qk+tp, O0<up<k p==%a (modp),
3.1) n=th+v, v=12,---k,
$t=0,1,2, -

in (2.7). We then have

G.(z) = Z > > exp{ 2wihuy/k}

=1 pg yml

3.2
-2 - 3 (th + v exp] —2ma(gk + ) (tk + »)/R}.()

Applying Mellin's formula we obtain

Ga(x) = — E > exp{thp.v/k}

21"1 gom] Be.»

(3.3)

I(s)

. (s, wi/R)E(s + 1, v/k)ds
f(slz) (2mzk)e” ’

where {(s, w) is the Hurwitz zeta function and () indicates an integration

from aa—i® to a+iw. Using the transformation equation for {(s, w) and

the identity T'(s)T'(1 —s) ==/sin ws we have finally

2rhy; 2T\ps 1 —s,NE(A+ s,v/k)ds
Cole) = chosﬂ'uvcos ruf $( MBS + s, v/k)
4mik? oy win k k (3/2) 2* cos (ws/2)
(3.4)
1 2nhpy | 2w 1 — s, A/ R)¢(1 + s, v/k)ds
> sin sin 2 [ :
41rk =1 5,0\ k k (3/2) 2% sin (ws/2)
where A=1,2, .- -, k.
We now introduce the summation letters ; for t=1, 2, - - -, » by requir-
ing that
(3.5) wi = K'E; (mod &), 0<pm <k
where %' is given by (2.4). Multiplying this congruence by &
(3.6) Bi = — hy; (mod k).
Since pl k and since u;= t+a; (mod p) we have
(3.7 fi= & ha; = % b; (mod p)
where
(3.8) b; = ha; (mod p) or b;= — ha; (mod p),

(3) i=(—1)V? except when used as a subscript.
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whichever yields 0 <b; < (p—1)/2.
We now define the set b,

(3.9) b= {bybs -+ -,b}

noting that b, b, if 757 since this equality would imply that a;= +a; (mod p)
since (k, p) =1.
Changing s to —s and u; to @; in (3.4) yields
1 iy 2nhNE 145, \/B)¢(1—s, v/k)ds
6 = T T cos TP s ﬁf S+, N/ B)s(1—s,v/k)

Amik? (1o k k (~3/2) 272 cos (ws/2)

1 ¢ rfiy | 2nW N 145, A/B)¢(1—s, v/ k)d.

(3.10) + TS i 2 /tf f(1+s /.)3‘( s, v/k)ds
k k (—3/2) Z7%sin (7rs/2)

4mk® i1

= f Ids + I.ds.
(-3/2) (=3/2)

If the path of integration in (3.10) is changed to ®(s) =3/2 the integrals
remain convergent and we find that the sums in (3.10) then take the same
form as those in (3.4) except that f; has replaced w;, ' has replaced &, 27!
has replaced 2, and A and » have been interchanged. Since both integrals in
(3.10) converge to zero if the path of integration is taken between 3/2-+it
and —3/2+stand | tl — o0, we have, applying Cauchy’s Residue Theorem, and
recalling (2.3) and (3.9)

(3.11) Go(2) = Go(2") — 2mi(Ry1 + Ro).

Here Ri= 2 Res I;, R,= 2 Res I, where —3/2<®(s) <3/2.

The procedure involved in calculating R; and R, is similar to that employed
by Lehner and Livingood and all details are therefore omitted. We obtain
finally

(3.12) R, = 1—2;; (Az — B/2),
where

(3.13) A= }_“; (#° — 6a:p + 6a)
and

(3.14) B=3 (5 — 6bep + 6b;

=1

(3.15)

kd
I

1
— 7 ou(h, k)
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where
3.16) oull, B) = Z 3 i/ B) (el ).
Here,
1 1
(3.17) (@) ==z — [x] - Tt 3(x)

where 8(x) =1 if x is an integer and 0 otherwise.
From (3.11), (3.12), (3.15) and exponentiation we have the transforma-
tion equation for F,(x) for the case pl k.

(3.18) Fa(®) = wilh, k) exp {6—; (B/s — Az)} Fa(e)
where
(3.19) wa(h, k) = exp{wica(h, k)}.

4. We now turn our attention to the case p}k. As before x is given by
(2.2) while ", K, H, and H' are defined by (2.5) and (2.6). Referring back to
2.7, fori=1,2, - - -, r we set

pmta;=qK+p, 0<p;<K, p;==a; (modjy),
“4.1) n=tk+ v, v=1,2---,k,
0, 1=01,2---.

Following exactly the same procedure as in §3 we find that

1 T 2mwhug 2mhpg 1—5, \/K){(1+4s, v/k)d
Ga(x) = ——— D D cos hidiaid cos ik f =5 MR (s, v/B)ds

(4.2) 4wikK i1 pgv k K (3/2) 2* cos (ns/2)
] 1 2  2ahuy | 2w c(1—s, \/K)¢(1+s, v/k)ds

+ > > sin sin f -
4nkK =1 pion k K Jgap 2* sin (7s/2)
where A=1, 2, - - -, K.
We now define u* for i=1,2, - - ., r by

(4.3) ui = pH'u} (mod &), 0<ur=rt

Since ph=H and since HH'= —1 (mod k) we have
(4.9 u¥ = — hu; (mod k).

Introducing u¥ and changing s to —s in (4.2) vields
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1 L 2 '* 27 Aus 1 , A/ K)e(1— , 5)d
Gaw) = ——2 2 cos 7 cos W”f §(14s, M K)¢(1=s, v/k)ds
AmikK smt pir (—3/2) 77* cos (ws/2)

1 r 2rudy | 27r)\p,.~f (45, M/ K)¢(1—s, v/k)ds
(—8/2)

sin sin
47kK g; ,.,.,Z.,x k K z7* sin (ws/2)

= f Ilds + Izds.
(—3/2) (—8/2)

If we shift the path of integration in (4.5) to ®&(s)=3/2 both integrals
remain convergent and we have by Cauchy’s Residue Theorem

(4.6) Ga(x) = Ja(2"") — 2wi(Ry + Ro).

Here J,(x"’) is the right-hand member of (4.5) with (—3/2) replaced by (3/2),
and Ry and R denote the residues at the poles with —3/2 < ®(s) <3/2 for
the integrands I and I, respectively.

Our immediate objective is to verify that the notation J,(x"’) is justified.
If we reverse the steps involved in obtaining (4.5) from (2.7) we obtain

(4.5) +

Ju(x") = expi 2midui/ K
) §,.ZE p{2ridus/ },§qu+>\

-exp{ —2x(tk + u¥)(¢K + \)/Kz}.

By (4.1) p; runs through K/p =k values which are =¢; (mod p). No two of
these values can be congruent (mod k). For if u;—u! =jp>0 and also u;—pu/!
=4k it would follow, since p}k, that u;—u! =mpk=mK. But this implies
that u; > K which is impossible. Similarly u; runs through % values
=—a; (mod p), no two of which are congruent (mod k). We conclude that u;
runs through a complete residue system (mod k) twice. Therefore, there is
for each1=1,2, - - -, r an «; such that

4.8) ak = a; (mod p), 0<a;<p.

(*.7)

In conjunction with (4.3) this yields
(4.9) pi = pH'uf + a;k (mod K)
where the + agrees with pu;= ta; (mod p).
Applying this result in (4.7)
exp{ 2zri\u;/ K}
(4.10) = exp{2ri(+as/p + NH'u}/k)}
= exp{ + 2mia:(gK + \)/p} exp{2xiH'(tk + p¥)(gK + N)/k}.

By (4.3) and the remarks following (4.7), u¥ runs through the values
1,2, - - -, k twice in some order. Therefore, setting
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gK + A = m,
(4.11) th+ ¥ =m,
ps = exp(2mia,/p),  Pi = exp(—2mwiai/p)
in (4.7) and using (4.10) we have

r © ;"x//m" © 5?x”""
ey =2 B2 5B
=1 \ m,n=1 m m,n=1 m
4.12)
= log H.(z"")
where
Hiv) = II ( IT (1 = pa IT (1 - r».-xn)—l)
(4. 13) =1 n=1 n=1

=14 c.ﬁk)(v)x,.
=1

We remark that since |p,~| =1 we have, by a comparison with [, (1 —x7)-1,
the generating function of the Euler partition function, the convergence of
this series in the interior of the unit circle. Indeed, the convergence is uniform
in k.

Turning to the calculation of R; and R, in (4.6) we find that

Az r

1 r
4+ — Z log(2 sin ra;/p),

(4.14) R, = - — -
12pk1, 12pkzz 21” =1
and
(4.15) Ry = — —;—ta(h, k)
where
(4.16) Ll B) = 3 3o/ K)) Ui/ ).

=1 pug

From (4.6), (4.12), (4.14), (4.15) and exponentiation we obtain the trans-
formation equation for F,(x) for the case p{k. Writing

(4.17) xXa(h, k) = exp|{mito(h, k)}
we combine this result with (3.18) to obtain

THEOREM 1. F,(x) satisfies the transformation equation
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Fa(exp{ 2wih/k — 2w3/k}) = walk, k) exp {é (B/z — Az)}

- Fy(exp{ 2xik' [k — 2x/ks})

(4.18)

if p[ k, and the equation

1 r
F.(exp{2xih/k — 2xz/k}) = > xa(h, k) I csc was/p
tm=1

(4.19)
-exp {é};(f/z - Az)} H.(exp{2miH'/k — 2x/K3})

if plk.
III. EsTIMATES OF Two EXPONENTIAL SuMs

5. In the sequel it will be necessary to have some information concerning
the magnitude of certain exponential sums involving w,(k, k) and x4(k, k) and
taken over a reduced system of residues modulo k. The trivial estimate O(k)
will not suffice for our purposes so that we must now undertake a study-of
these sums. Our procedure will be to reduce them to Kloosterman sums. The
method used is essentially that of Lehner, and therefore most of the details
will be omitted. Considering first the case pl k we find that

r

6pkoa(h, k) = E(zh{2k2 + 3k(20; — p) + 44}
fm=]

(5.1)
—3k{k—2p+ 2a;+ 2¢;} —12p X y;[hu.-/k]).
M;

Here, M; (¢=1, 2, - - -, r) is the set consisting of those u; such that
wi=~+a; (mod p) and 4;=p?—6a;p+6a’. c; is defined by
{ b; if {hai, p} < (0 — 1)/2,
Ci =
p— b if {kai, p} > (6 — 1)/2,
where {s, t}=s (mod ¢), 0< {s, t} <t
From (5.1) we see that 6pka.(h, k) is always an integer. We shall deter-

mine some congruences satisfied by it. Assume temporarily that p>3. Then
it follows that

(5.3) 6pka.(h, k) = 0 (mod 3) if 31k.

(5.2

(5.4) 6pkoa(h, k) = 3" (20 -+ 26; + 26: — 3) (mod 4) if 2.

t=1

We also have
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6hkpaq(h, k) = h? Z {28 + 3k(2a; — p) + A} + (B — rk?)
(5.5) = )
— 3hk 3 (2c: — p) — 12kp D S:

fe] (L
where S;=(1/2) X, [hui/k]([hui/k]+1) is an integer.
Now let 12p=fG where f is the greatest divisor of 12p prime to k. There
are four possible values for f (recall that > 3).

(k, 12p) = #, f=12,G=p,
(, 12p) = 21’}

=3 G=4
h 12) = 4pf f=3 G=4p,

.6 (k, 12p) = 3p, f=4 G=23p,

(k, 12p) = 61)}
(k, 12p) = 12p§°

We take &’ now so that kb’ = —1 (mod Gk). This is possible since all primes
in G divide &, so that (k, k) =1 implies that (k, Gk) =1. We then multiply
(5.5) by —F#’, noting that le 2k2, to obtain

f=1 G=12p.

5.7 6pkaa(h, k) = hu — h'v — 3k 2': (2¢; — p) (mod GE)

t=1

where

w= 2 {3820 — p) + 4},
(5.8) =
v = B — rk2

Using (5.3) and (5.4) we readily verify that

r

(5.9 6pkaa(h, k) = 3 (6a; + 6¢; + 6p — 3) (mod f).
fm=]

If p=3 the above procedure must be modified slightly. In this case r=1,
sy=a=1, ci=¢, Ay=A=-3. By (5.4), which holds for p=3, we have
6pkoa(k, k) =(2¢—3) (mod 4) if 2}k. Setting 12p=36=fG as before we now
have only two possible values for f. If (k, 36) =3, 9 then f=4, G=9. If (k, 36)
=6,12, 18,36 then f=1, G=36. Now (5.7) holds with « =2k%2—3k—3. (5.9) is
now 6pkaa(h, k)=(21+6¢) (mod f). This congruence is obvious if f=1. If
f=4, then k is odd and we have 6pko.(h, k)=(2c—3)=(21+6c) (mod 4).
Therefore, (5.9) is true for all p=3.

We now return to the general case p = 3. Define the integers ¢ and I by
setting
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fé =1 (mod G%),

GET =1 (mod f).

Then, from (5.7), (5.9), (5.10) we have

(5.10)

6pkaa(h, k) = fo (uh — ok’ — 3k i (2¢; — p))
(5.11) =

+ le‘( 3 (6a: + 6c: + 6p — 3)) (mod 12pF).
fum]

By (3.19), (5.11), and setting

A* = 2 ag,
(5.12) =
C’.l = E Cs
=1
we have

2xi
wa(h, k) = exp {Tpk 6pk0'¢(h, k)}

(5.13) = exp {21ri (—;— (64* 4 6C* + 6rp — 3r) — %ﬁ (2C* — rp)

+ % (uh — vh’))} .

6. Turning to the case p|k we find that

6pkta(h, k) = i(Zh{ZK’ + 3K(2a; — 9) + A4

(6.1)
—3k{K — p+ 20; — 20} — 123 n;[hm/k])

which shows that 6pki.(k, k) is always an integer. Assuming temporarily that
»>3 we find that

(6.2)  6pkta(h, k) = 0 (mod 3) if 31k,
(6.3)  Gpbta(h k) = 3 (p — ph + 2a; + 2a9) (mod 4) if 24k,
faml

(6.4)  6pkta(k, ¥) = 0 (mod p),

and
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r

6hkpta(h, k) = b2 D {2K? + 3K(2a; — p) + A} + r(1 — &2)
te=1

(6.5) ) )
+ 6hk Y a; — 12k 3, T

=1 =]
where Ti=(1/2) X u, [hui/k]([hu:/k]+1) is an integer.
Now let 12p = Fg where F is the greatest divisor of 12p prime to k. There
are four possible values for F (recall that p > 3).

(k, 12p) = 1, F=12p, g=1,
2) = 2

(&, 129) } F=3p g=4

(k, 12p) = 4

(6.6)

(&, 12p) = 3, F=4p, g=3,

(k, 12p) = 6} _ _

w2 =12f 7 F=h =12

We take &’ now so that #h'= —1 (mod gk). This is possible since all primes
in g divide k. Noting that gkl 2k? and multiplying (6.5) by — &' we obtain

6.7 6pkt.(h, k) = hu — h'v 4 6k i a; (mod gk)

t=1

where

r

6.9) u = g {3K(2a; — p) + 4.},

v = r(1 — k2).
Using (6.2), (6.3), (6.4) we readily verify that

(6.9) 6pkty(h, k) = 9p? rz (2¢; + 2a; + p — pk) (mod F).

t=1

If p=3 the above procedure must be modified slightly. In this case r=1,
a=a=1,a1=a, A1i=4A=-3, m=pu, Mi= M. By (6.3), which holds for p =3,
we have 6pkt,(h, k) =(5—3k+2a) (mod 4) if 2/k. For p =3 we easily verify
(see (5.2) in [4]) that

2 4 K 1 1
2kta(h, k) = ?h{ZKz —3K -3} — 5 2 ulhu/k] — 2k {? -5+ ?}
M
2

— ak.
+3a
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Since u=1 (mod 3) we have > u u[hu/k]l= D s [hu/k] (mod 3).
Using (3.17) we have

1 1
; (/] = — § ((hu/®)) + }M: /b = — %: 1+~ ;zs(hn/k).

Since, by the discussion immediately following (4.7), the p in M run
through a complete residue system modulo k, we have by a theorem of Rade-
macher ((2.31) in [10]) D u ((hu/k)) =0. Therefore,

h
> [u/k] = ;Zu — k/24+1/2
M M

= % (K?*/6 — K/6) — k/2+ 1/2

= 3kk/2 — h/2 — k/2 + 1/2.
Recalling that K =3k and that ak=1 (mod 3) we have
2kty(h, k) = — 2k/3 + 2k/3 + 2k/3 — 2/3 — 2k/3 4+ 2/3 4+ 1
=1
where I is an integer. We conclude that
(6.10) 6pkts(h, k) = 0 (mod 9).

Setting 12p =36 = Fg as before we now have only two possible values for
F. If (k, 36) =1 then F=36, g=1. If (k, 36) =2, 4 then F=9, g=4. (6.7) holds
as before. (6.9) is now 6pkt,(h, k) =81(5—3k+2a) (mod F). If F=9 this con-
gruence is obvious. If F=36 the result follows from (6.3) and (6.10). There-
fore, (6.9) is true for all p =3.
We now return to the general case p=3. Set
F® =1 (mod gk),
gky =1 (mod F).

From (6.7), (6.9), (6.11) we have

(6.11)

6pkto(h, k) = Fd (uh — ok + 6k, a.-)
fa=]

(6.12) )
+ 9gkyp? D (2a; + 2a; + p — pk) (mod 12pk).

=]
By (4.17) and (6.12), and setting
(6.13) o =) o
Py

we have
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2%t
Xa(h, k) = €xp {-1-27; 6?kf¢(h, k)}

(9™ 6%
(6.14) = exp {Zm( 7 (24* 4 2a* + rp — rpk) + — o*
4

+ f—; (uh — vh’))} .

7. THEOREM 2, The sum

A(n,v;k;d; 01,09;0) =

7.1 T= 2 wih k) exp{—2xi(hn — k'v)/k},

h mod k

where h=d (mod p), pld; o1Sh’ <03 (mod k), 0=501<0: Sk, p[ k, is subject to
the estimate O(n'/3k2/3+¢) yniformly in v, d, 04, 03, a.

Here a3, 0, are integers, k' is given by (2.4), and Y/ indicates that k runs
over integers prime to the modulus of the sum.
Proof. Taking G as given by (5.6) we have

T= 2 wihk)exp{—2ri(Gnh — Gvk')/Gk}.
h mod k
Treating ws(k, k) as a function of & we see from (3.16) and (3.19) that it
has period k. Therefore, if we change the modulus of the sum in T to Gk
and always select &’ so that kh'= —1 (mod Gk) the summands run through
the same values but G times as often. Using (5.13) we then have

T
T = > exp {Zri (7 (64* + 6C* + 6rp — 3r)

1
G h mod Gk

3 ¢
- -Gf (2C* — rp) + e (uh — vh’))} exp{ — 2xi(Gnh — Gvk')/Gk}

where 0=k’ <Gk.
Since k=d (mod p) it follows from (5.2) that C* remains constant for all
permissible values of & in this expression for T. Therefore,

T = %e(a, k,d) D' exp{2xif(h)/Gk}

h mod Gk

where | e(a, k, d)| =1 and f(k) = (pu —Gn)h— (¢v —Gy)k'.
Following Lehner’s procedure we obtain
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T=O<logk >

h mod Gk

(71.2)
2mi

where the condition A=d (mod p) has been removed and s and / are integers.
The last sum in (7.2) is a complete Kloosterman sum and therefore, by a
theorem of Salié (p. 264 in [11]), is subject to the estimate

O((¢u — Gn, Gk)V/3(GE)2/5te),
Therefore,
(7.3) T = O((¢u — Gn, Gk)1'¥(GE)*/%+ log k).

Since (f, Gk) =1, (pu—Gn, Gk) = (fpu—fGn, Gk). But fG=12p and by
(5.10) fou = u + mGk. Therefore, we conclude that (f¢u — fGn, Gk)
=(u—12pn, Gk). Now, (u—12pn, Gk) =(G(u—12pn), Gk) =G(u—12pn, k).
By (5.8), (5.12), (3.13) u=3k(2A*—rp)+A (if p=3, u=2k2—3k—3). We see
immediately that (« —12pn, k) =(4 —12pn, k). Since (4 —12pn, k) =0(n) we
have by these remarks and (7.3)

T = O(nl/3k2/3+),
THEOREM 3. The sum
(7.4) B(n,v;k;01,0050) = U= 2 xa(h, k) exp{ —2xi(hn — H'v)/k},

h mod k
where HH'= —1 (mod k); 01=h' <02 (mod k), 0S01<0:=SE, plk, is subject to
the estimate O(n'!3k23+¢) yuniformly in v, 71, 02, a.

Proof. By (4.16) and (4.17) x.(k, k) has period k. Therefore, if we change
the modulus of the sum to gk and always select H’ so that HH'= —1 (mod gk)
we have

(1.5 U=— X' xa(h &) cxp{ —2rilgnh — pH)/gh)
8 h mod gk
where 0 Sk <gk.

If we now select b’ so that hh'= —1 (mod gk) then phh'= —p (mod gk).
Multiplying this congruence by H’ and recalling that ph=H we have
K =pH' (mod gk). Since p{gk there exists a & such that pé=1 (mod gk).
Therefore,

(7.6) H' = 5k’ (mod gk).
By (7.5), (7.6), (6.14)
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1
— ? ela, k) X' exp{2xif(h)/gk}

h mod gk

where | (s, ¥)| =1 and f(h) = @u—gn)h — @v—gw)h'.
Proceeding as in the proof of Theorem 2 we find that

U= O(log E 2 exp {% ((Pu — gn)h — (Pv — gov — ghk') })

h mod gk

This last sum is a complete Kloosterman sum and the rest follows exactly
as before.

IV. A CONVERGENT SERIES FOR p,(n)

8. We now have the basic tools needed for an attack on our main prob-
lem, the determination of p,(n). The procedure followed in this section is that
of Rademacher [8]. By Cauchy’s integral formula and (2.1) we have

p.,(n) - _1— Fa(x) dx = Z, _l_f Fa(x) dx

2rid ¢ ant? hok; 05 h<ksN 27 En ok antt

where £, are the Farey arcs of order N of C, the circle | x| =exp{ —2rN—2}.
Y’ indicates that & runs through integers prime to k, with A=0 occurring
only if 2=1. If on the arc & x we introduce the variable ¢ by means of the
equation x=exp{ - 21rN‘2+27rih/k+21ri¢} and write w=N"%—1i¢, z=wk we
obtain

6.0 p) = 3 espl=teimipt) [ “(e"p{zwih_z—n})

Bk 0 h<ksN 6k k k
-exp{ 2rnw} d¢.

Here 0;,=1/k(k+k) and 0;,=1/k(k+k;) where hi/ki<h/k<hy/k; are con-
secutive terms in the Farey series of order N.

We now split the sum over k in (8.1) into two parts, p{’(n) and p@(n),
according to whether p| k or ptk respectively. We then have

8.2) pa(n) = pa”(m) + pu ().

Each of these sums will be treated separately. We consider first pP(n).
Select B so that a;8 =1 (mod p). By (3.8) we have i = b8 (mod p) or
k= —b8 (mod p) both of which yield the same set b= {bl, by, - - -, b,} . There-
fore, as b, runs through its set of values for a given & we will pick up all the
possible values of k by requiring that k= +5,8 (mod p), 0SSk <k, (h, k)=1.
Since, for a given a, b determines b, uniquely and, vice versa, b; determines b
uniquely, we have from (8.1), (8.2), and (4.18) of Theorem 1
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N (>=D)/2

pa (n) = 2 D walh, k) exp{ —2mwinh/k}

b=l bk

6’ o

> p5(v) exp{2xik'v/k}

—0’  y=0
-exp{ — (x/k*w)(2v — B/6p) + 7mw(2n — A/6p)}d¢,
where 0Sh<k=N, k= +b:,8( mod p), k=0 (mod p).
For a fixed value of b; we split the sum over v into two parts Q(») and
R(n), depending on B and therefore by, such that in Q(n), (2» —B/6p) <0 and

in R(n), (2v—B/6p) 0. Using Rademacher’s argument (§7 in [8]) and util-
izing Theorem 2 we find that

(8.3) R(n) = O(e2N pl/sN—1/3+e),

Now Q(n) contains all » such that » <B/12p, so that if B <0 the sum over
v is vacuous and Q(n) =0. It is of interest to investigate under what condi-
tions B=0. By (3.14) B=rp2—6p D 5, bi+6 > 5., bj. Treating B as a func-
tion of 7 continuous variables we see that dB/db;=12b;—6p <0, since
bs=(p—1)/2. Therefore, B assumes its maximal value if the elements of b
are1, 2, ---,r. We conclude that

Bxrpt—6p3it6> 4

=1 =1
= 20— 3(p— Dt + (5" — 3p + Dr.
This implies that if 2r2—3(p—1)r4(p*—3p+1) =0 then B=0 for all b
Applying the quadratic formula we see that this condition is equivalent to
W=D - @ et 3 -1+ @+t )
4 - 4

Since the right-hand inequality is always satisfied and since

W -D - @ e+ _p-1
4 2
we see that B0 forall b if r=(p—1)/2.

Let us now assume that r <(p —1)/2 and that b consists of the r consecu-
tive integers x, x+1, - - -, x+7r—1. Then

B=(6x2—6(p — 7+ )x+ (p* — 3pr + 3p) + (2 — 3r 4 1))r.
Making use of the quadratic formula we deduce that B0 if
p—r+1 (pP—r 4 1) p—r+1 (@*—r+ 1)1

2 (121 ? 2 (12

IIA
I\




46 PETER HAGIS, JR [January

Since
p—r+1 (p2—r241)12
2 (12)1/2

we see that the right-hand inequality always holds. Since B is a decreasing
function of each b; we conclude that

p—r+1 (p*—r41)12

>2
2

if min b; = then B = 0.
2 2(3)12
Conversely,
-1 2 g2 4 1)U2
ifmaxb.o<?+f _(p ) then B > 0.

2 2(3)12

If r=1 the last inequality reduces to Livingood’'s result that Q(x) is
different from 0 only for b=b; such that 1 =b<p(3—31/2)/6.

In evaluating Q(z) we again utilize Rademacher’s technique as found in
[8] and obtain

N
0m) =2 X 2. 55() Ara(m, v) Lis(n, v)
(8.4) k=1;k=0(p) r<B/12p
+ 0(e2rnN””l/3 N-1/3+¢),
Here
(8.5) Aup(m,v) = 2" walh, k) exp{ —2mi(nh — vk')/k}

h mod k
where b= 15,8 (mod p), and
1 © (B-12 6pk2w): =2 ((12np— A 65)
Lk,b(n, y) =2_ Z (( Vﬁ)ﬂ’/ 4 'W) E (( np )1!"10/ p) dw

i R u=0 y! A=0 Al

where R is a rectangle containing the origin.
By Cauchy’s Residue Theorem we see that

((B — 12vp)1/?
—_—1T 12106 — A)V%(B — 1 12
E(12np — A)M2 ifw(12np — 4)*( 2vp)112/3pk}
. 4
(8.6) Lips(n,v) =1 . E,
(B — 12vp)w _
| 6pk? n = 125"

where Ii(z) is the Bessel function of the first order with purely imaginary
argument,
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The possibility that 4/12p be an integer is one which does not occur in
the investigations of Lehner and Livingood. As an example to illustrate the
possibility of this occurrence in the general case, if we take p=1327, r=12,
a=1{5,6,7,8,10, 12, 14, 16, 18, 20, 22, 24}, we find that 4/12p =n=1248.

The determination of L 3(n, v) in case n<A/12p is possible but of no
significance here since, as we shall see, the final formula for p,(n) will require
a knowledge of p,(v) for v<A/12p if 4 >0,

We now take up the study of pP(n). From (8.1), (8.2), and (4.19) of
Theorem 1

2 1 L4
2 () = — X ( IT csc m../p>x.(h, k) exp{ — 2xinh/k}

2" 5k \sm1
"X w .
f > cs (v) exp{2xiH'v/k}
—0’ y=m0
-exp{ — (x/Kkw)(2x — r/6) + 7w(2n — A/6p)}dé
where 0Sh<EkZN, (p, k)=1.

We split the sum over » into two parts Q*(#) and R*(n) such that in
Q*(n), (»—r/6)<0 and in R*(n), (2v—r/6)20. Since (]]i..csc wai/p)
<csc’ 7/p we see by exactly the same argument as in the case of R(%), re-
calling the remark following (4.13), and employing Theorem 3, that

38.7) R¥(n) = O(ermN "'l BN-113+s),

Q*(n) contains all » such that »<r/12. Using the same procedure as in
the case of Q(n) we find that

r X r &
om== 3 (Hcsc m.-/p) Y 2 6)Buln, )L n, )

27 s - . <r
(8.8) k=1; (k,p)_zl 1 <r/12
+ 0(e2tnN nl/aN—1/3+¢),
where
(8.9) Bi(n,v) = 2" xa(h, k) exp{ —2xi(nh — vH')/k}
h mod k
and
M_ I {,,(12"1, — A)V2(r — 121')”3/317k}
E(12np — A)
] 1 A
(8.10) Li¥(n,») = ifn> 1—2’;,
(r — 127 . y: |
_ ifn=—.
| 6pk? 12p
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Since p{’(n) = 2, (Q()+R(n)) and pP(n)=Q*(n)+R*(n) we have,
letting N— o in (8.3), (8.4), (8.7), and (8.8)

THEOREM 4. The number, ps(n), of partitions of a positive integern,n = A/12p,
into posttive summands of the form pm +a;, a;Ea, is given by the convergent series

(p—1)/2

=2 S % X 56 Aes(m ) Len(n, )

k=1;k=0(p) by=1 v<B/12p
(8.11) '

+ 3 (ﬁcsc m.-/p) Y 2 6)Buln, )L, )

2 et eky=1 \ i1 v<r/12

where A s(n,v), Ly s(n, v), Bi(n,v), Li¥(n, v) are given by (8.5), (8.6), (8.9), and
(8.10) respectively.

We remark that this result, except for the case n=A4/12p, is contained
in a more general theorem due to Petersson (Satz 13 in [5]). In form, how-
ever, Petersson’s statement is quite different from (8.11).

V. AN ADDITION TO THE SET a

9. Our next objective(%) is to modify Theorem 4 so that in the partitions
of n, summands congruent to 0 modulo p are admissible. We first study the
function

Fp(x) = ﬁ (1—arm)1 = F(x*) =1+ i po(n)xn

where F(x) is the generating function of the Euler partition function. p,(n)
represents the number of partitions of # such that every summand is con-
gruent to 0 (mod p). The transformation equation of F,(x) is easily obtained
from that of F(x) ((2.4) in [7]).

LEMMA 1. F,(x) satisfies the transformation equation

Fy(exp{ 2mih/k — 2wa/k}) = 5M%w,(h, k) exp {éi (B,/ — A,,z)}

-Fy(exp{2mih’/k — 2x/ks})
if p| k, and the equation
F(exp{2mih/k — 2mz/k}) = 2'12p %, (h, k)

exp {6—; (1/25 — A,,z)} F(exp{ 2nill'/k — 2x/Kz})

if ptk. Here

(%) The proof of Lemma 1 in this section was suggested by the referee.
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4,

B, = p¥/2,

ol B = exp{ri T (/RNn/B), where w= 5,28, b,

X»(h, k) = exp {ﬂ' 2 (w/K)((/B), where w=p,2p,---, K.

10. Defining the set a= {al, Qg+t v,y Gy p} we now wish to determine a
convergent series for ps(n), the number of partitions of # into summands
congruent to elements of @ or their negatives modulo p. The general procedure
parallels that used in our investigation of p4(n). Theorem 1 and Lemma 1
yield the required transformation equations, and the Farey dissection
method is again utilized for the integration. The main differences arise from
the fact that the presence of 3!/2 necessitates the introduction of a loop inte-
gral and that the trivial estimate O(k) replaces those of Theorems 2 and 3.
Our method is similar to that employed by Rademacher and Zuckerman [9].

Consider the generating function

(10.1) Fa(x) = Fp(x)Fa(x) = 1 + i pa(n)x™,

which is convergent in the interior of the unit circle. By Theorem 1, Lemma
1, and multiplication we have

THEOREM 5. F4(x) satisfies the transformation equation

Fa(exp{2nih/k — 2x3/k}) = 2'/%wa(h, k) exp {é}; (B/z — Zz)}

(10.2) . Fi(exp}{ 2wik'/k — 2r/kz})

if p| k, and the equation

1/241/2 r
Fa(exp{2xih/k — 2w3/k}) = p xa(h, k) ] csc was/p
(10.3) =

-exp {# (7/z — Zz)} Ha(exp{2miH'/k — 2x/K3})

if plk. Here

(10.4) walh, k) = ws(h, k)wy(h, k),
(10.5) xa(h, k) = xa(h, B)xo(h, k),
(10.6) A=A+ 4,
(10.7) B =B+ B,
(10.8) r 412,

i=
(10.9) b= {bsybs -, b, p},
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(10.10) Ha(z) = Ho(®)F(z) = 1 + E o ().

By Cauchy'’s integral formula and (10.1)
F. 1 F.
pa(n) = — f a(x) 2 — f (=) dz.
h-

! hk.°sh<kslv 2idy, , 2t

Defining ¢, w, z as before we have

01[

2xik 2
pa(n) = > exp{ —2xink/ k} Faexp {i - Lz}
bk 05A<ksN —p k k

-exp{ 2xnw} dé.

(10.12) pa(n) = ps (n) + ps (n)

where pP(n) is the sum of the terms for which p|k and p§ 9 (n) is the sum of
the terms for which p}k.
Selecting B so that a¢,8=1 (mod p) we have by (10.2)

) (p—1)/2
pa (n) = 2 exp{ZrnN"} > wa(h, k) exp{ —2xink/k}
h.k

bym=1

(10.11)

9’

. f—o" exp| — 2ming} 512 exp {6_;3 (B/s — Zz)}

. i‘, 25(v) exp{ 2xivk’ /b — 2zv/kz}de

where 0k <Ek<N, h= £ b8 (mod p), k=0 (mod p).

We now restrict our attention to values of # such that #>4/12p. There
is no real loss in this restriction since our final formula for p,(n) will require
prior knowledge of the values of p,(v) for v <4/12p. n=14/12p is impossible
since by (10.6) 4 is not an integer.

For a fixed value of b, we split the sum over » into two parts Q(n) and
R(n) such that in Q(n), (2v— B/6p) <0 and in R(n), (2v— B/6p) >0. Follow-
ing the method detailed in [9] we find that

(10.13) R(n) = O(er=¥"*N-113)

and

(10.14) 0(n) = 2 ZN) > p5(»)Arp(n, v)Les(n, »)

k=1;k=0 (p) »<B/12p

+ O(er*N T N-12),

Here
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(10.15) Aip(n,v) = 2" wa(h, k) exp{ —2xi(nk — vi')/k}

h mod k
where k= +b,8 (mod p), and
(B — 120p)3/

10.16) I -
(10-16) Lualm) = 3 oy — Ty

Tam{r(12np — A)*(B — 120p)2/3pk}.
Iz (3) is the Bessel function.
The treatment of p@(n) is similar. (10.3), (10.11) yield

@ P _ ’ .
pa (n) = - exp{2rnN-} D' xa(h, k) exp{ —2winh/k}
h.k

0"

« 1 csc mas/p exp{ —21rm'¢}z‘/’ exp {—l (#/z — Zz)}

—0’

> cy)(v) exp{ZvrivH'/k - 2n/Kz}d¢
y=0

where 0Sk<E=N, (p, k) =1.

The sum over » is split into parts Q*(n) and R*(n) such that in Q*(n),
(2v—#/6) <0 and in R*(n), (2v—#/6)>0. Since, by the remarks following
(4.13), the series for Hy(x) converges in the unit circle uniformly in &, and
since J ]}, csc mai/p Scsc w/p we have by exactly the same procedure as in
the case p|k

(10. 17) R*(n) = 0(82tnN"N—112)

and

Q*(n) =1l'171/2 i ( - csc ra;/ > S 8 () Be(n, v)Li(n, »)
(10.18) 21 s Gt \ i i PR

- r<r/12
+ o(eznw" N-1/2)
where
(10.19) Bi(n,v) = X' xa(h, k) exp{ —2xi(nh — vH')/k}
h mod &
and
(F — 12v)3/4

(10.20) L¥(n,v) = Tam{n(12np — A)12(F — 120)112/3pk}.

E(12np — A)¥14

Summing R(n) and Q(n) over b1, and letting N— « we have by (10.13),
(10.14), (10.17), (10.18)
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THEOREM 6. The number, p5(n), of partitions of a positive integern,n>A/12p,
into positive summands congruent modulo p to elements of a or their negatives is
given by the convergent series

p—1)/2

© (
pa(n) =2 X 2 2 5@ Aesn, ) Lea(n,v)

k=1;k=0 (p)  by=m1 »<B/12p
(10.21)

T 1/2 0 r & _ _
+2 5 (Hcsc rae/p) 3 & 6)Buln, I, »)

271 i k=1 \ i1 »<7/12

where Ay p(n, v), Lis(n, v), Be(n, v), L¥(n, v) are given by (10.15), (10.16),
(10.19), (10.20) respectively.

VI. AsyMproTIC FORMULAS

11. As the series for p4s(n) and ps(n), as developed in Theorems 4 and 6,
are extremely complicated it is worthwhile to investigate the possibility of
obtaining asymptotic formulas of a simpler form in order to approximate
them for large n. We first consider p,(n) where n>A4/12p. As we shall see,
k=1 yields the dominant term in the expansion. When k=1 it follows from
(4.8) that a;=a; for i=1, 2, - - -, r. We also note that Bi(zn, ») =1. Writing

(11.1) G) = (r — 12)'3,
(11.2) p o T2 — A
3p
(11.3) W= Y o 0)6oL{ TGk},
<r/12

we have by (8.11)

T r w
(11.4) p.,(n) = 1 <'I;Il csc Wa./p)m{l +S]+S2}
where
S, = 2'( H sin wa;/p) Z Z Z Do(¥) Ak p(m, v)
(ll ’5) 1=1 k=p;k=0(p) by v<B/12p

(B — 120p)V2 I,{T(B — 12vp)"/2/k}
k w

and
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Sp = (fI sin wa;/p) f: (fI csc m,-/p) Y o) Bu(n, v) GG)

(11.6) 1 km2; (k,p)=1 \ i=1 v<r/12 k
L{TG()/k}
w

We first investigate the magnitude of Si. If B<0 for all 5, then S,=0.
Otherwise, as we have shown in §8,

(11.7) BZrp—6p D> i+ 62 =M where M > 0.
f==]

t=1

Obviously, there is a constant J such that for all b, and v <M/12p

(11.8) 0= p(v) =J.
From (8.5) and Theorem 2
(11.9) Aip(n, v) = O(nt/3k2I3+e)
uniformly in » and b.
Obviously
(11.10) 0< fI sin ra;/p < 1.

fr=]
From the theory of Bessel functions

z

(11.11) I,(s) = )2 140("Y)) as z2— =,

and

(11.12) I,(3) = 0(3) if |3] <1.
Finally

(11.13) W ~ s { Trri2}

Proof. If r <12 there is nothing to prove. We assume, therefore, that r>12.
From (11.3)

(11.14) W= f1/2]1{T,1/2},<1 P SIS G(») II{TGM}>.

0<v<r/12 it LL{ Ty}

For large # it follows from (11.11) and (11.2) that
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L{TG®)} -
L{Tr2} = O(exp{ T(G(1) — r/)})
(11.15) —2x(nr)'? " 12

Since Ic,‘,‘)(v)l is bounded for 0 <v <7/12 the desired result follows from
(11.14) and (11.15).
From (11.5), (11.7), (11.8), (11.9), (11.10), (11.13) we have

(11.16) S1= 0 S misk-inn II{TM_””/k}).
kmp Il{ Tr1/2}

We now split the sum in (11.16) into two parts according to whether
k<TM'2:=D or k>D. Utilizing (11.11) in the first case and (11.12) in the
second we have

D
S; = o( > wilsiUskIs exp{ Tk — f1/z>})
K=p

(11.17)
+0 ( D nM3g1sHeg-1T302 exp —Trllz}).

k>D
We note that
Ml/ 2

(11.18) -z < itk 2 p.
For

M M 1 . . ri
el —p it i2}=r—6 Za—i/mp <
=5 pz{p pTited S —a-ip

Also, from (11.2)
125+ | 4])
1.19) T el ) DN onil2,

3p

1/2

11.20) T=-""" (1 — 4/12np)in 2
(3p)2 T (B

for €>0 and large #.
From (11.17)-(11.20) we conclude that

Sy = O(ni3n7112+ exp{ —do*ni2})
+ O(n\13p3l4p—116+e exp{ —71/25*’11’2})

(1 — Inii2 = g*n1iz

where
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(11.21) d =iz — M12/p,
Therefore, using (11.20) we have
S1 = O(n-exp{ —ds*n'/?})

(11.22) =0 (exp{— ((32;;1/2 _ e) n1/2}>.

The study of S: is quite similar. We remark first that ] "‘)(V)I is bounded
uniformly in k and » for »<r/12. For ¢®(v) has exactly the same form for
every value of k. For example,

(k)

@ (1) = Zl (ps + B9).

Furthermore, for each %, ]p;l =1fors=1,2,---,r.
From (8.9) and Theorem 3 By(n, v) =O(n!/3k2/3t¢) uniformly in ».
Making use of these remarks and proceeding as before we find that

= 0(n~exp{ —r1/26*n‘/2/2})

Ss
(11.23) - o(exp{— ((;';;; - ‘) "“2})'

From (11.4), (11.22), (11.23) we obtain

THEOREM 7. As n—

w
pa(n) = p- ( g csc ra‘/i’>m
(11.24) rroia
(1+o(e{- (w9 4))
where
(11.25) ¢ = min{1/2, 1 — MV2/prti2},

By (11.14) and (11.15) we have also:

COROLLARY 7.1. As n—
I,y Trii2
( II cSsC ﬂ-a‘/p>.__i_i_}__
2r- (12np — A)12

(oG =) 1)

where ¢ is given by (11.25) of r =12 and

pa(n) =
(11.26)
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¢ = min{1/2, 1 — MY2/prtiz 1 — (1 — 12/r)1/2}
otherwise.

This result is easily identified with those of Petersson ((10.8) in [5]) and
Grosswald (17" in [1]).
If we use (11.11) we have from (11.2) and (11.26)

COROLLARY 7.2. As n— o

1.27) ) = ST s nap) exp{ 27301+ 019,

27(12np — A)3¥4N\ iy
This is essentially Petersson’s result ((10.9) in [5]).
12. Turning now to p4(n) we find that as in the case of p,(n) the dominant
term in the expansion is given by k=1. Defining

(12.1) G() = (7 — 12)12
12np — A)12

(12.2) 7o Ty — A

3p
(12.3) W= Y a0 —12)"L:{TCw)},

v<r/12

(12.4) M =M+ p?/2,
we have

THEOREM 8. As n—

,n.Pll2 r W
pa(n) = < H csc wa;/p) m

(12.5) A=
(ot G )
@p)2
where
(12.6) ¢ = min{1/2, 1 — M2/5i2p},

COROLLARY 8.1. As n—

1rp”21"3/4 r Ia/z{Ti'm}
pa(n) = —— ( ,1;11 csc rdi/P) __(Ian Sy

(+o(of-(Gm94))

where ¢ is given by (12.6) if ¥ <12 and

(12.7)
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¢ = min{1/2, 1 — MV2/pi'12, 1 — (1 — 12/7)V2} otherwise.

Since Iy;s(z) =¢*/(2w2)2(140(z71)) as z2—» we have from (12.7) and
(12.2)

COROLLARY 8.2. As n—

p(67)!

(12.8) pa(n) = m

( ﬁ csc wa;/p) exp{ T2} (1 + O(n—11%)).

=1

Since the proofs of these results parallel those for p,(n) they are omitted.

VII. SoME SpeEciaL CASES

13. Itis of interest to apply the results obtained above to some particular
sets @ and to a restricted range of values for 7, If we take

a=1{1,2,---,(p—1)/2} then r=(p—1)/2
and we find that

— H2
(13.1) B=A=P 21’ <0 for all ;.
Also,
r (p—1)/2 -1
(13.2) 277 [ escwai/p = < II 2sin m.-/p) = plre,
fmm] =1

By (13.1), (13.2), (8.11) we have

THEOREM 9. If p(n; P) is the number of partitions of n such that no summand
is divisible by p then

27 i

> o’ 0)Bun, »LEn, )

(DI ki pob)=1 »<(m1) /24

(13.3) p(n; p) =

where Br(n, v) and Li¥(n, v) are given by (8.9) and (8.10) respectively.

This result can be given a different interpretation. By a theorem of Tietze
[13], if % is a positive integer then the number of partitions of # in which no
summand is divisible by k is equal to the number of partitions of # in which
no summand is repeated k or more times. Thus, (13.3) furnishes a convergent
series for the number of partitions of # in which no summand appears more
than (p—1) times. We also note that (13.3) agrees with a result due to
Petersson (equations (2.7)—(2.11) in [6]) if ko and &, are set equal to 1 and 0
respectively in the latter.

14. When r £12 (which is always true if p £23) only ¢®(0) =1 appears in
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(8.11). Then

(r-1)/2

pa(m) =2 2 > > pe() A p(n, v) L p(n, v)
k=L;km0(p) b=l »<B/12p

(14.1)

0

TLEN < fI csc wa;/ p)Bk(n, 0)L*(n, 0).

271 et k)1 \ 1

For r=1 this formula reduces to that obtained by Livingood ((7.9) in [4]).
Now, the maximum value of B is obtained when b= {1, 2, -, r}. In
this case

B=rp2—3(r*+1r)p+ 2r%+ 312 + 7.
Therefore, for all b, such that B>0, if

rp2—3(r’+r)p+2r3+3r2+r< .
12p

then only p,(0) =1 appears in (14.1). Using the quadratic formula we find
that the last inequality is equivalent to

< 32+ r+4)+ (rt+ 673+ TTr2 4 T2r + 144)112
2r

(14.2) ?

We conclude that if r <12 and p satisfies (14.2) then

L]

pa(m) =2 3 2 Aip(n, 0)Les(n, 0)
k=l;km0(p) b;9B>0

(14.3)

+ ol i ( fI csc wai/ p) Byi(n, 0) L¥*(n, 0).

2771 e k=1 \ i1

We give the maximum value of p for which (14.3) holds for some special
values of . For r=1, 2, 3,6, 9, 12, p=17, 13, 13, 17, 23, 23 respectively.

15. If p=1 (mod 4) then the set a= {al, Qs -, a,} can be taken so
that in conjunction with {p—al, p—ag, - - -, p—a,} we have either the set
of quadratic residues or the set of quadratic nonresidues modulo p. In this
case r=(p—1)/4. If we consider first the case of the quadratic residues we
obtain

r 1
(15.1) A=4"=3(p" —6poi+6a)=— X (p" — 65+ 65)

i=1 Glp)=+1
since pi—6pi+ji=p2—6p(p—j)+6(p—j)% Here (j/p) stands for the
Legendre symbol. Noting that in the last sum of (15.1) u appears if, and only
if, p —u appears we have
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1
(15.2) Ar = == D+3 > i

G/p)=+1

Similarly, in the case of quadratic nonresidues we have

1
(15.3) A=A—=——pp—-1)+3 > 4
2 Glp)—1
Now let
(15.4) Q= (n— AY/12p)'2, Q- = (n — A/12p),
5.5 2 )"
(15.5) q —1r( 3 ) .

Letting p*(n; p) and p—(n; p) denote the number of partitions of # into
quadratic residues and nonresidues (mod p) respectively, we have from
(11.26), (11.2) for sufficiently large »

£(nye 7 A +)-1 t}
P ) = (I sinwifp) (@9-hie

(§/p)=t1
{1+ 0@}

where 6>0. Here either + or — is to be taken throughout in both members.
From the theory of Bessel functions we have

exp{ g0t}

(15.6)

) = 2V oy + -1
(15.7) 1,{q0%} e {1 —3/800% + 0(n)}.
From (15.6), (15.7), and division we have for large »
pr(n;9) _ ("“ o (,,,,)‘”’
ronp AL Ginmi/D

(15.8)
-(1 - —‘2’— (A*+/12p — A=/12p)n11% + O(n-l)).

By a theorem of Dirichlet

(15.9) (ﬁ (sin7j/p) (ilz»))-llz = ¢

jm1

where £ is the class number of the real quadratic field R(p'/?) and e is its
fundamental unit.
By (15.2) and (15.3)

A+ 4 1

- —==2 (i/Mi*

(15.10) —
120 12p 4p o
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This last sum is well known (see [12, pp. 677-678]) and is equal to
4cpas(p) where ¢=1/240 if p=1 (mod 8), c=1/560 if p=35 (mod 8), and
as(p) is the number of representations of p as 5 squares, representations differ-
ing by sign or order of summands being considered as distinct.

Using (15.8), (15.9), (15.10) we state

TaEOREM 10. If p=1 (mod 4) and n— = then
pt(n; p)
p(n; p)

This result was previously obtained by both Petersson ((5.12) in [6])
and Grosswald ((1) in [1]).

16. As our final result we shall utilize Theorem 6 to obtain a convergent
series for p(n), the number of unrestricted partitions of #. If

a=1{1,2,---,( - 1)/2p}
tﬁen obviously ps(n) =p(n). In this case we have
(16.1) r=(-1/2 #=7p/2
(16.2) B =4 = p/2forall b,
Since, therefore, 4/12p = B/12p=1/24 we see that (10.21) holds for all =1

and that only v=0 appears in the first term. Furthermore, from (10.15) and
(10.16) we have

(p—1)/2

(16.3) > Ais(n,0) = Au(n) = X' walh, k) exp{ —2xink/k},

by=1 h mod k

(15.11) = ¢ (1 - % B(p — 1)/p) 2cas(p)n1? + O(n‘l)).

- 1
16.4 Liy(n,0) = —— I 24n — 1)12/6k4.
(16.4) el 0) = o vers Tl w24 — DU/6k]
For all k such that (p, k)=1

(-1)/2

(16.5) (2r H sin 1ra,-/p>_l = ( II 2sin m’/p)_l = p12,

=1 J=1

Also, for all such %, the p; in conjunction with the 5;, run through the set
of values w, w?, - - -, w?~!, where w=exp{21ri/p}, exactly once. Therefore,
for all 2

Ha(x) = f11 {(l — 21 — wx®)(1 — ") - - - (1 — wf"‘x")}"l.

Now (1—2)(1—wz) - - - (1—w?P"!zg)=1—27 since both members are poly-
nomials of the pth degree in z with roots 1, w, - - - , w*~1. Therefore
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HB@) =11 - =146 @+
n=1
Since 7/12=p/24 this shows that in the second term of (10.21) only »=0
appears. From (10.19) and (10.20) we have
(16.6) Bi(n, 0) = Bu(n) = D' xa(h, k) exp{ —2winh/k},

h mod &

(16.7) Li¥(n, 0) Iso{w(24n — 1)112/6k}.

~ 2(24n — ¥t
We conclude from (10.21) and (16.1)—(16.7) that
2r 2. Ci(n)
16.8 =
(16.8) p(n) 2in — 1) kZ_; .

where Ci(n) =Ax(n) if p|k and Ci(n) = Bi(n) if plk.
From (16.3), (10.4), and the definitions of u; and u when p| k we see that

Iso{w(24n — 1)112/6k}

Aulo) = 3 exp{ri X (G/M)Ci/ D} expl ~2rinkh).

h mod k je=1

Since ((j/k)) =j/k— [j/k]—1/2+(1/2)8(j/k) and since D 5., ((kj/k)) =0, we

have

(16.9)  Zu(m) = 3 exp{m'z: %((hj/k))} exp{ — 2minh/k}.

o Z
Similarly,
Bun) = D' exp {m' f) el ((hj/k))} exp{ —2minh/k}.
el = ok
Now
ﬁ_‘: ACOE g L irm + ‘_L %‘j (Ghi/B)
+ 2 AT iy + -+ ): =R iy
=23 L (i) = X L @ism.
=1 Dk =k
Therefore
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From (16.8), (16.9), (16.10) we have

THEOREM 11. The number, p(n), of unrestricted partitions of a positive
integer n is given by the convergent series

27 > A (n)

(16.11) p(n)=(24n_1)3“/§ k

where Ai(n) is given by (16.9).

This result is easily seen to be the same as that first proved by Rade-
macher ((1.8) in [7]).

Ise{m(24n — 1)112/6k}
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